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Abstract 

We consider the quantization of the effective target space description of topo- 
logical M-theory in terms of the Hitchin functional whose critical points de- 
scribe seven-manifolds with G 2 structure. The one-loop partition function 
for this theory is calculated and an extended version of it, that is related to 
generalized G2 geometry, is compared with the topological G2 string. We 
relate the reduction of the effective action for the extended G2 theory to 
the Hitchin functional description of the topological string in six dimensions. 
The dependence of the partition functions on the choice of background G2 
metric is also determined. 



1 Introduction 



Topological string theory on Calabi-Yau manifolds has been the source of 
many recent insights in the structure of gauge theories and black holes. The 
traditional construction for topological strings is in terms of topologically 
twisted worldsheet A- and B-models, computing Kahler and complex struc- 
ture deformations. The topological information these theories compute is 
encoded in Gromov-Witten invariants. 

More recently a target space quantum foam reformulation of the A-model 
in terms of the Kahler structure has emerged pTJ, [2] . The topological informa- 
tion computed are the Donaldson-Thomas invariants, providing a powerful 
reformulation of Gromov-Witten invariants. For topological string theories 
on Calabi-Yau manifolds there are additional well-developed computational 
tools using open-closed duality such as the topological vertex or matrix mod- 
els. 

In comparison, topological theories on G 2 manifold target spaces are much 
less explored. One motivation to consider such theories is since the Gi struc- 
ture couples Kahler and complex structure naturally, such a theory would 
couple topological A- and B-models non-perturbatively, a coupling which we 
expected to exist following recent work on topological string theory. A recent 
proposal for topological theories on G2 manifolds that goes under the name 
of topological M-theory was given in [3J. 

The classical effective description of topological M-theory is in terms of a 
Hitchin functional [I]. Alternative topological theories on G2 manifolds em- 
ploying quantum worldsheet /worldvolume formulations have been proposed 
in terms of topological strings [5] and topological membranes [SI El El |9J 0- 
The topological G2 string and topological membrane theories [5] have the 
same structure of local observables associated to the de Rham cohomology 
of G2 manifolds. The full quantum worldvolume formulation of these theo- 
ries, especially the computation of the complete path integral is much more 
difficult though than for the usual topological theories on Calabi-Yau target 
spaces . 

1 A topological version of F-theory on Spin(7) manifolds which are trivial torus fibra- 
tions over Calabi-Yau spaces was also considered in [10] . 

2 The topological Gi string partition function is only well-understood below genus two. 
At genus zero it computes the Hitchin functional while its genus one contribution will 
be calculated in this paper. The topological membrane partition function is written only 
formally. 
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In this paper we attempt to understand the moduli space of topological 
M-theory in terms of a G2 target space description. Our strategy is similar 
to the A-model quantum foam, where one considers fluctuations around a 
fixed background Kahler form. Here the quantum path integral is computed 
in terms of a topologically twisted six- dimensional abelian gauge theory. 

Analogously, the stable closed 3-form encoding the G 2 structure in seven 
dimensions can be understood as a perturbation around a fixed background 
associative 3-form. Locally the fluctuation can be regarded as the field 
strength of an abelian 2-form gauge field. Unlike the A-model quantum 
foam, however, expanding the Hitchin functional to quadratic order around 
this fixed background gives a seven- dimensional gauge theory that is not 
quite topological but which is only invariant under diffeomorphisms of the 
G2 manifold. 

We will analyze the quantum structure of this theory by taking the 2-form 
gauge field to be topologically trivial. In practise this means we will neglect 
certain 'total derivative' terms in the expansion of the Hitchin functional 
involving components of the bare 2-form gauge field |f| . This will allow us 
to generalize to seven dimensions the approach used by Pestun and Witten 
[TT] to quantize the Hitchin functional for a stable 3-form in six dimensions 
to 1-loop order. This approach is based on the powerful techniques devel- 
oped by Schwarz [12] for evaluating the partition function of a degenerate 
quadratic action functional. The structure of the partition function here is 
most naturally understood by fixing the gauge symmetry of the action using 
the antifield-BRST method of Batalin and Vilkovisky [13]. See [3j [27] for 
possible alternatives to the perturbative quantization we consider here. 

We will also investigate whether the 1-loop agreement found by Pestun- 
Witten [UJ between the partition functions of the extended Hitchin func- 
tional in six dimensions and the topological B-model has some analogy in 
seven dimensions. In particular we will repeat the 1-loop partition function 
calculation for the extended Hitchin functional in seven dimensions to com- 
pare with the topological G2 string. We find they are related only up to 
a multiplicative factor, corresponding to the Ray-Singer torsion invariant of 
the background G2 manifold. It is not clear to us whether precise agree- 

3 For more conventional gauge theories such local 'total derivative' terms usually cor- 
respond to topological invariants computing certain characteristic classes for the gauge 
bundle from the patching conditions. Unlike in conventional abelian gauge theory where 
the gauge field corresponds to a connection on a line bundle over the base space, the 2-form 
gauge field we have here corresponds to a connection on a gerbe. 
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ment could be obtained by a more careful analysis incorporating the global 
topological structure of the local total derivative terms we have dropped. 
Nonetheless, it seems that the topological symmetry of such terms could po- 
tentially give rise to non-trivial 1-loop determinants which we have ignored. 

Our 1-loop quantization of the generalized G2 Hitchin functional is in 
terms of linear variations of a closed stable odd-form in seven dimensions. 
However, the odd-form can be parameterized non-linearly in terms of other 
fields, that would be related to the dilaton, B-field, metric and RR flux 
moduli in compactifications of physical string theory on generalized G2 man- 
ifolds. Hence an additional question is if we are using the appropriate degrees 
of freedom to describe the quantum theory. It would be interesting to see if 
our results could be checked by comparison with the couplings appearing in 
effective actions for generalized G2 compactifications of physical string and 
M-theory. 

A summary of the content of the paper is as follows. In section 2 we 
consider the expansion to cubic order of the Hitchin functional for a stable 
3-form in seven dimensions around a fixed background G2 manifold. It is 
only the quadratic term in the expansion that will contribute to the 1-loop 
partition function. The local total derivative terms will be identified in this 
quadratic action. Section 3 begins with a brief summary of the Lagrangian 
antifield-BRST or BV formalism followed by a detailed analysis of the BV 
quantization of the quadratic Hitchin action in seven dimensions. Section 4 
begins by summarizing the theory of elliptic resolvents used in [12] . We will 
then identify the resolvent that describes the BV quantized seven- dimensional 
quadratic Hitchin action. This will allow us to express the partition function 
in terms of determinants of elliptic operators in the resolvent. In section 5 we 
will repeat the aforementioned analysis for the generalized Hitchin functional 
for a stable odd-form in seven dimensions. Section 6 contains a calculation of 
the 1-loop partition function of the topological G2 string, which will be com- 
pared with the Hitchin functional computations. In section 7 these results 
will be compared with the Pestun-Witten analysis in one dimension lower. 
Section 8 describes the dependence of these 1-loop partition functions on the 
choice of background G2 metric and proposes a seven- dimensional origin for 
the gravitational anomaly in the B-model. Section 9 contains our conclusions 
and a summary of interesting open questions related to this work. 
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2 Perturbation of Hitchin functional 



Consider the proposed classical effective action for topological M-theory [3] 
given by the Hitchin functional 



$A*$$, (2.1) 

M 



for a stable closed 3-form $, whose extrema within a given cohomology class 
of <£> define metrics of G 2 holonomy. Recall that a Riemannian metric g can 
be constructed from $ using the formula 

\fg~9MN = y^^ mab ^ NCD ^ EFG eABCDEFG =: Gain, (2.2) 

and it is with respect to this metric that the Hodge-star is defined. When 
both $ and are closed the Levi-Civita connection of the metric g has 
holonomy in G 2 and (12. ip corresponds to the volume 

vol M = [ Vd = [ (det^) 1 / 9 , (2.3) 
Jm Jm 

of the G2 manifold M. 

We will consider the expansion of the Hitchin functional (12.11) around a 
fixed harmonic 3-form that encodes the geometry of a background metric 
of G2 holonomy, that is 

d<j> = , d*(p = 0. (2.4) 

We define Mo to be the seven-manifold M equipped with this background 
metric. For simplicity we take <fi such that it reconstructs a flat metric al- 
though all subsequent formulae generalize in a straightforward way for curved 
G 2 backgrounds. 

Since $ is closed then expanding around the fixed background 

$ = <p + H, (2.5) 

implies that dH = 0. The 3-form perturbation H is then understood as the 
field strength of an abelian 2-form gauge field B, which locally can be written 
as H = dB. 
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One can expand 

Qmn = $mn + Amn + &mn + Cmn , (2.6) 
in powers of H, such that 



Amn — - H M AB (f)NAB + 7 H n ab 4>mab 



ABCD 



4 H M AB 4> NA B + J 

Bmn = o Hmab Hncd * 

o 

/7 _ J_rr rr rr ABCDEFG ( 7 \ 

— MAB NCD EFG ' V ' 

where indices are contracted using the flat background metric. To cubic order 
in H, one finds 



(detg?) 1 / 9 = 1 + ltrA+l 
y y 



trS-itr(^) + l(tr^l) 2 



1 

+ 9 



trC -ti(AB) + ^tr^ltr-B 

y 

+^tr(^l 3 ) - Itr^tr(^) + ^ (txA) 3 



(2.8) 



The unit term corresponds to the volume measure for the flat background. 
The linear term tr^4 = | <PmnpH mnp is locally a total derivative which we 
will ignore in our analysis. The quadratic and higher order terms become 
more complicated and so we will discuss their structure separately. 

2.1 Quadratic part 

Let us first note some useful identities that will allow us to write the quadratic 
terms in the Hitchin functional in a convenient way. The projection operators 
in (1B.2I) can be used to decompose the 3-form 

Hmnp = {P%7H)mnp + {P\H)mnp + {P\H)mnp 

= X M NP + *4>MNPQ YQ + 0MNP Z , (2.9) 
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where Y M = ^*4> IJKM H IJK and Z = i <p IJK H IJK . The first identity in 
( 1A.2|) then implies 

2X M np = —^X IJ ^ M *(j) N p^ I j (2.10) 
(24) 2 F A/ y M + (42) 2 Z 2 = QH MNP H MNP + V*<P IJKL H IJM H KL M . 

Substituting the decomposition (12.91) into the second term in the right hand 
side of (12.111) gives 

H MNP H MNP = X MNP X MNP + 24Y M Y M + 42 Z 2 . (2.11) 

This is useful because Amn = \X m ab (()nab + 3 5mn Z (using the identity 
X m ab <Pnab = X N AB 4>mab) and explicit calculation gives 

tr(^ 2 ) = ±X MNP X MNP + 63Z\ (2.12) 

so that using the previous identity implies 

tr£-itr(^ 2 ) + l(tM) 2 

= ~\ \Hmnp\ 2 + ^ H MNPQ H NP ^ + 1 \<PmnpH mnp \ 2 . (2.13) 

One can check explicitly that the integral of this quadratic term is invariant 
under 8(Pmnp = 0, 5B MN = 4>mnpv p (i.e. under background-preserving 
diffeomorphisms Sx M = —v M (x)). 

The quadratic term above is related to the metric on the moduli space of 
G 2 manifolds described by Hitchin in [20J, this metric being just the second 
functional derivative of (12.11) with respect to $. In particular, if we define 
<5$ = H then (I2.13P can be used to write 



trB - -tr(„4 2 ) + — (tr^l) 2 
2 18 



d 7 x = A 5$ , (2.14) 
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where 



5(* $ $) = 1* p3(5$) + *p3(<5$) -*p3 7 (£$) =: *L(<5$) , (2.15) 
3 

to linear order in <5$, using the identities mentioned above and in appendix 
A (* being the Hodge dual with respect to flat background <ft). The linear 
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combination L = |Pj + P| — P| 7 of 3-form projectors has been defined for 
notational convenience in forthcoming expressions. From this perspective 
it is clear that the Gi moduli space metric has (1 + 6|, fo| 7 ) signature. This 
corresponds to the Lorentzian signature (1, b 3 — 1) for smooth compact seven- 
manifolds with full G<i holonomy. 

Like the linear term, some terms in the quadratic part of the Hitchin 
functional are also local total derivatives. To see this let us locally decompose 
the 2-form gauge field into irreducible representations of G2 

Bmn = Bain + -4>MNpA p , (2-16) 


using the 2-form projection operators defined in (IB. 21) . where Bmn £ Af 4 
and A M = <fi MNP B^p. Plugging this expression into (12 . 1 3[) one finds 

trB - \ ti{A 2 ) + — ( tr ^) 2 
2 lo 

-7 \Hmnp? + 4 \^mnpqH NPQ \ 2 (2.17) 
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+d. 



\ A^d N A N ^ + 1 *<p MNPQ A N d P A Q - \ <P MNP H NPQ AQ 
o 24 4 



where we define H = dB. This is just for notational convenience, H is 
certainly not a gauge-invariant field strength. The integral of the second line 
in (12.171) is however gauge-invariant under 5B = P\ 4 d\. The third line in 
(12.1 7p involving the component A in the 7 irrep of G2 is the aforementioned 
local total derivative. We will ignore these terms in the BV quantization in 
the next section. When B is topologically trivial we are justified in neglecting 
them and their omission can be understood in terms of fixing diffeomorphism 
symmetry (by relating A M to the diffeomorphism generator v M ). 

For the analysis in the next section it will be convenient to label the 
integral of the second line of (I2.17P Sq and rewrite it in form notation as 

S = HA *LH = ^ J H A * (2 P 3 7 H - Hj , (2.18) 

which can be easily derived from (12.141) and (12.151) using the identity P\H = 
0. 
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2.2 Cubic part 

The terms of cubic order in the Hitchin functional are most conveniently 
expressed in terms of the projections X, Y and Z of H defined in the previous 
subsection. The new terms one must calculate (that are not just polynomials 
of the quadratic and linear ones) are 

tr(A s ) = --X MAB X NAB X MC 4>ncd + XmnaXnpbXpmc 4> 
+3\X MNP \ 2 Z + 189 Z 3 

tr(AB) = --X MAB X NAB X MC 

4>NCD + ^ X m N aX n PB-X PMC 4> 

+~ \X MNP \ 2 Z - ^X MAB <P NAB Y M Y N + i tx{A) tr(B) (2.19) 



V \ .. \ .- \ l> V . w i ./:.,' ... ^ 

A MiB A ^ <PNCD + 

— \Xmnp\ 2 Z + X M AB<t> NAB Y M YN + 6 |Fm| 2 ^ + 7zT 3 . 



trC — — — X MAB X NAB X mcd 4> NC d + X MNA X NPB Xp MC 4> ABC 
12 o 



Combining these expressions one finds 

111 1 
trC-tr(AB) + -tiAtiB + -ti(A 3 ) - — tr^4.tr(^l 2 ) + — (tr„4) 3 

V NAB V MCD i , ^ „ ,jVAB v MT/ 

— -S^MAB^ A (pNCD + - ^MAB<P I *N 

o Z 

-i- |X M7VP | 2 zT + 2 |F M | 2 zT + ^ 2T 3 . (2.20) 

This diffeomorphism invariant cubic term can be understood as a BRST 
invariant operator deforming the quadratic action calculated above. It will 
not effect the 1-loop calculation of the partition function we are interested 
in here but is important when going beyond this order. 



3 BV quantization 

Before getting into the details of the BV quantization of the quadratic Hitchin 
action, it may be helpful to set up terminology by first giving a brief review 
of the Lagrangian antifield-BRST formalism, following the excellent lectures 
by Henneaux [3] where more details can be found. 
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3.1 Lagrangian antifield-BRST formalism 



The basic idea is to implement the restriction of the configuration space 
spanned by functions of all fields {0} G / in a given field theory with clas- 
sical action «So[0] to the physical subspace of functions of on-shell configu- 
rations Eel modulo gauge-equivalence, by means of constraints involving 
a nilpotent BRST operator Q on the former space giving the latter space 
as its cohomology. The construction of Q can be understood in terms of 
two preliminary nilpotent operators 5 and d @ which are used to individually 
impose the on-shell and gauge-equivalence constraints respectively. 

The zeroth homology group H (5) is known as the Koszul-Tate resolution 
of C°°(E). It turns out to be sufficient to consider H (5) due to a consistency 
condition implying that all higher homology groups Hk>o(5) must vanish. 
The grading of 5 is called antighost number ({0} have antighost number zero 
while 5 itself has antighost number —1 which is why the on-shell configuration 
space is a homology rather than cohomology group). In the absence of gauge 
symmetry, the structure of H (5) is necessarily simple. The kernel (ker 5) = 
C°°(J). The image (im5) is the subset of functions whose vanishing defines 
all the equations of motion. Thus one has implicitly defined a set of so-called 
antifields {0*} such that 5 acting on each antifield 0* is proportional to the 
field equation for (thus {0*} have antighost number 1). 

In the presence of gauge symmetry one still has H Q (5) = C°°(S) but 
now one finds Hk >0 (5) ^ which contradicts the consistency condition. The 
reason for this is because gauge transformations of the antifields {0*} are 
closed under 5 and thus lie in Hi(5). The trick is to introduce more so- 
called antighost fields {C*} (with antighost number 2) such that each of the 
5-closed irreducible gauge variations above equals 5C* and is therefore trivial 
in Hi(5). This turns out to be sufficient if all gauge symmetries are irreducible 
(i.e. if no possible gauge transformations of fields vanish or are proportional 
to equations of motion). For each reducible gauge symmetry one can have 
a non-trivial element of H2(5) which is again avoided by adding another 
antighost field rj* (with antighost number 3) to trivialize it. Obstructions to 
the triviality of H/, >2 (S) will not concern us here and we refer the interested 
reader to |14J for a discussion of their resolution. 

The zeroth cohomology group H°(d) corresponds to the algebra of gauge- 

4 This notation will be used exclusively in this subsection and is not to be confused 
with general infinitesimal variations labeled 5 and spacetime exterior derives labeled d 
elsewhere in the paper. 
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invariant functions on E. Non- vanishing higher cohomology groups H k>0 (d) 
are allowed. The grading of d is called pure ghost number ({(f)} have pure 
ghost number zero while d itself has pure ghost number 1). The action of 
the vertical exterior derivative along gauge orbits d is generated by the set 
of tangent vectors {X} at {</>} on S. The number of such tangent vectors 
equals the number of linearly independent gauge symmetries. It is convenient 
to define the set of 1-forms or ghosts {C} as the dual of the tangent vectors 
{X} (thus {C} have pure ghost number 1). In the case where there exist 
reducible gauge symmetries, the set {X} form an overcomplete basis since 
its elements are subject to linear algebraic constraints on E (one constraint 
per reducible symmetry). It turns out one can enforce these constraints au- 
tomatically by modifying the action of d on {C} in terms of additional ghost 
for ghost fields rj (one per reducible symmetry with pure ghost number 2) to 
create a free differential algebra. 

Collecting all these fields together we see that there is a perfect match 
between the number of (fields+ghosts) $ = {(f>, C, r]} and anti(fields+ghosts) 
$* = {(f)* , C* , . The physical BRST operator Q acts on both $ and 
$* and its cohomology can be understood as the cohomology of d on E. 
Schematically one has Q = d + 5 + 'extra' and it turns out one can always 
choose 'extra' such that Q 2 = 0. For relatively simple abelian gauge theories 
like the one we consider there are no 'extra' terms. The grading of Q is 
called ghost number which, from the formula above, is given by the pure 
ghost number minus the antighost number. Hence {rj*, C*, (f>*, (f>, C, f]} have 
ghost numbers {—3, —2, —1, 0, 1, 2}. Since Q is a fermionic nilpotent operator 
then {(p, C*,T]} obey bosonic statistics while {(f>*,C, rj*} obey fermionic ones 
(we have assumed the original fields {(f>} are all bosonic). 

The pairing between $ and $* implies the existence of a graded symplectic 
structure on the space of fields given by the antibracket 

m 5 r A 5 l B 5 r A 5 l B 

= ww-ww (3 - 1} 

where A and B are arbitrary functionals of both $ and $*. The symbol • 
denotes summation over all common indices of all fields in $ and $*. For 
the theories we will consider, elements of $ will be in form representations 
and it will sometimes be more convenient henceforth to take elements in 



°It must be stressed that the antibracket in Lagrangian formalism is not induced from 
the Poisson bracket in Hamiltonian formalism. The antibracket seems to be a purely 
auxiliary structure that is lost when one fixes a gauge. 
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$* to be in the Hodge-dual representations to their partners in $. Thus 
we would understand the antibracket above as the coefficient of a top-form 
in spacetime and replace the contraction of common indices ■ with a wedge 
product . The superscripts on the functional derivatives denote a right (r) 
and left (I) action on A and B, which is required by the grading. 

The antibracket is useful because it allows the construction of the minimal 
BRST-invariant action S[<&, $*], involving ghosts and antifields, that includes 
So [</>]■ This is achieved by solving the master equation 

QF = (F,S), (3.2) 

for any functional F. Nilpotence of Q ensures that (S, S) = 0. An immediate 
consequence of the master equation is that Q$ = 4Jr and = — j§- 
The proper solution S is referred to as minimal because one can always 
introduce new variables {C, 7r} (and their respective antifields {C*, tt*}) that 
are cohomologically trivial in H°(Q) (i.e. QC = n , Qn = 0, Qn* = C*, 
QC* = 0) and which do not contribute to H k>0 (Q). Thus one can add terms 
of the form J C* ■ n to S to obtain the most general solution of the master 
equation. Such non-minimal terms typically arise in the process of gauge- 
fixing where the antifields {C*} are related to the gauge- fixing functions and 
{7r} act as Lagrange multipliers imposing C* = 0. 

The final step is to remove the degeneracy (i.e. gauge symmetry) in 
the action above in a way that preserves the BRST structure, which will 
allow a more straightforward evaluation of the path integral. If there are 
2N fields in {$,$*} then this gauge-fixing can be achieved by eliminating 
half of them via iV constraints {Q = 0}. Such constraints are guaranteed 
to preserve the BRST structure provided the antibracket of any two Q in 
the set vanishes . A convenient way to satisfy the above constraint is 
to eliminate all the antifields by setting each <3>* = for some choice of 
gauge fermion functional ^/[^] (this choice is by no means unique). It is 
evident from the definition that \P must be fermionic and have ghost number 
— 1. Notice that this constraint has removed the antibracket structure for 
the gauge-fixed theory. The aforementioned gauge choice can be understood 
geometrically as restricting to a Lagrangian submanifold of the symplectic 
manifold parameterized by {$, $*} (these terms of course being used in the 
graded sense). 

6 That is their antibracket is invariant under canonical graded symplectic transforma- 
tions which define the ambiguity in determining the minimal action S from the master 
equation. 
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3.2 BV quantization of quadratic Hitchin action 



We are now prepared to examine the quantum structure of (12.181) for B e A\ 4 
following the logic of the previous subsection. 

In addition to the 2-form gauge field B we need a 1-form fermionic ghost 
ij} and a 0-form bosonic ghost-for-ghost (p. The ghost comes from the 1-form 
A which parameterizes the gauge symmetry 5B = P\ 4 d\ of So[-B]. This gauge 
symmetry is reducible when A = dn for any 0-form k, giving rise to ghost-for- 
ghost if. The antifields for $ = {B, if), if} are $* = {x, C, 6} which lie in the 
Hodge-dual irreps of G%. That is x is a 5-form fermion whose Hodge-dual is 
in Af 4 , ( is a 6-form boson and £ is a 7-form fermion. The ghost numbers of 
{£> C, X, B, ^, V?} are {-3, -2, -1, 0, 1, 2} respectively. 

The global BRST transformations of the fields and ghosts $ just follow 
from the residual local gauge transformations 

QB = P* 4 # , Qip = dtp, Qtp = . (3.3) 

The master equation = then fixes the terms one must add to the 
classical action So (12.181) to be of the form J $* A Q§. Thus the minimal 
solution to the master equation ( 13. 21) is 

S = J A*(2P|-1) H + xAdip + ( Ad(p . (3.4) 

The projector P| 4 in QB has been absorbed by *x G A| 4 in the second term 
in (I3.4p . Using (I3.4p in the other master equation Q$* = — |f gives the 
antifield BRST transformations 

QX = 3d* (2P 3 7 -l)dB, Q( = dx. (3.5) 

One can verify that the above BRST transformations indeed generate a sym- 
metry of S and obey Q 2 = 0. One can also check that the BRST transfor- 
mation Q*x is in A\ 4 as required. Notice that any BRST transformation of 
£ will be a symmetry of S, and will be nilpotent provided it is BRST-trivial 
(i.e. QC, = n,Qn = 0). 

To fix the gauge symmetry of the field B and ghost ip v i & the constraints 
d)B = and d^ip = it is appropriate to add to S some non-minimal terms 
via the introduction of the pair of 6-forms {7,w} and 7-forms {e,v} (plus 
their antifield 1-forms {7*,^*} and 0-forms {e*,v*}) which are BRST-trivial 
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(i.e. Qj = u, Qu = etc.). The appropriate gauge fermion in this case is 
given by 

* = J 7 A d)B + £ A dty + 7 A d9 . (3.6) 

The first two terms are as we would expect in order to gauge fix via coclosure 
of B and ip. The reason for the third term involving an additional BRST- 
trivial 0-form pair {9, w} is because it fixes a residual gauge symmetry of the 
first term under #7 = (ftp for any fermionic 7-form p. There is no possible 
residual symmetry from the second term since 5e cannot be coexact in seven 
dimensions. The corresponding BRST-invariant non-minimal addition to the 
action S is 

J 7* A u + £* A v + 9* A w . (3.7) 

Thus {u, v,w} are understood as auxiliary fields (with ghost numbers 

{0, —1, 1}) that will impose the gauge-fixing constraints after imposing $* = 

|H on the antifields. 

Including the non-minimal fields we have $ = {B, ip, p; 7, e, 9} (with 
ghost numbers {0, 1, 2; —1, —2, 0}) and = f§ fixes the antifields to be 

X = *P 2 14 *rft 7 , £ = Se , e = ; 

7 * = SB + d9 , e* = dty , 9* = d-y . (3.8) 

The antifields of the Lagrange multipliers {u,v,w} all vanish. Integrating 
out these auxiliary fields in the non-minimal part of the action sets the three 
expressions in the second line of (13.81) equal to zero. This evidently gives 
the desired gauge- fixing for ip. Taking a 1 of d)B + d9 = implies 9 must be 
harmonic and thus equal to a constant (we assume 9 is non-singular). Hence 
we also have d^B = 0. 

In the topologically trivial case we are considering, these equations further 
imply the global constraints that 7 be exact and ip be coexact. This of course 
follows from the Poincare lemma which for B G A\ 4 is a bit more subtle. 
Indeed d)B = still implies B = d'H, for some 3-form H, but now there is 
the additional constraint P^trS = so that the right hand side is still in 
A^ 4 . This is non-trivial because exterior derivatives do not commute with 
projection operators. As shown in appendix C, this leads to an expression 
for B that is second order in derivatives • Let us then summarize the 

7 An analogous situation occurs in Kahler geometry where the existence of a coclosed 
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gauge-fixing constraints (just quoting the result shown in appendix C) 

B = $ (2P 3 7 -l)da , V = J(3 , 

X = *P\^dd ] uj , C = <$e , £ = , (3.9) 

where a € A^ 4 , e A 2 and £ 6 A 7 . Plugging these expressions into the 
graded symplectic form 

= /*AB + CA^A,, (3.0) 

for the minimal fields implies it vanishes identically, thus defining a La- 
grangian submanifold. From this we see how the strong constraint £ = is 
required by the fact that tp is completely unconstrained. 

4 Resolvent and partition function 

Having gauge-fixed the quadratic part of the Hitchin action in a way that 
preserves the BRST structure, we are now almost prepared to evaluate its 
partition function. We will express the partition function in terms of de- 
terminants of elliptic operators using the theory of resolvents developed by 
Schwarz [12] . Again to introduce the necessary terminology it will be helpful 
to give a very brief account of the theory of resolvents as described in [T2] 
wherein we defer for more a detailed exposition. 

4.1 Resolvents 

A resolvent is a generalization of a complex in algebraic geometry that is 
associated with an additional piece of data corresponding to a quadratic 
functional on one of the linear vector spaces in the complex. This functional 
will be understood as the classical action for a free field theory. 

More precisely, given a quadratic functional So on a linear space r , then 
a sequence of linear spaces Ti (i = l,...,n) and nilpotent linear operators 
Ti : Ti — > Ti-i obeying Tj_iTj = is defined to be the resolvent of So if 
S [(p + T\C\ = S [(p} for all G T Q and C E T 1 . This defines a complex when 

real (l,l)-form bn (obeying d^bu = and B^bu = 0) implies b\x — d^Q22, for some 
real (2,2)-form a^i- This example is used by Pestun and Witten [11] in gauge-fixing the 
quadratic Hitchin functional in six dimensions. 
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So = 0. The notation reflects that used in section 3.1 to illustrate that Tj are 
to be understood as being spanned by all the descendent ghosts for classical 
bosonic fields <p in the quantum theory. The resolvent property corresponds 
to BRST symmetry. 

The existence of an inner product ( , ) on the linear spaces To and I\ will 
be assumed and adjoint linear operators T- : I\ — ► T i+1 can be constructed 
from (XjTiy) = (T-x,y) for any x G y G IV It will also be assumed 

that the quadratic functional So can be expressed schematically as 

S [<i>} = (<j>,K<p) = (KM), (4.1) 

in terms of the self-adjoint 'kinetic' operator K : T — > T @ . Note that 
the resolvent property implies KT\ = and so K itself can be added to the 
complex associated to the resolvent as 

o — T n . . . r r — o . (4.2) 

The resolvent of So is said to be elliptic if the associated complex above is 
elliptic (i.e. the symbols of each Tj and K are invertible). 

The partition function of S with respect to the resolvent {T^Tj} is de- 
fined 

n 

Z = {detK)' 1/2 JJldetT^" 1 ^" 1 . (4.3) 

i=i 

The reason that this quantity corresponds to the physical partition function 
for theory with classical action So is explained in the appendix of the third 
reference in [12] . The (det-fT) -1 / 2 factor of course just comes from the path 
integral of the free bosonic action So- In terms of the antifield-BRST for- 
malism, the remaining ghost and antifield terms in the minimal action S 
solving the master equation take the form (0*, TiC) + (C*, T 2 rj) + .... That is 
schematically ^" =1 (r*_i, TiTi), where elements of Tj have Grassmann parity 
(— 1) % and T* is the same vector space as Ti but with elements of opposite 
Grassmann parity. This leads to a factor (detTj)* -1 ^ / 2 from the antifields 
in each T*_± and a factor (detT-)^ 1 ^ 1//2 from the ghosts in each Ti which 
are combined to give (14. 3p . 

8 A further technical requirement is that the operators K 2 and T}Ti be regular. We 
refer to [T2] for the technical definition of regularity but the upshot is that this allows one 
to define the (regularized) determinant of such operators in a mathematically precise way. 



15 



4.2 G2 resolvent for quadratic Hitchin action 



Given the close relationship between complexes and resolvents one might 
expect the resolvent for the quadratic Hitchin action we are considering to 
be related to the two well-known Dolbeault complexes for G2 manifolds 

D : O^A^A^A^A^O 

D : ^ A 2 14 ^ © A 3 27 V 7 © A 4 27 ^ A 5 14 — 0. (4.4) 

As we will now see, the appropriate complex for the G2 Hitchin action forms 
a subset of both these complexes. 

Following the discussion in the previous subsection for the quadratic 
Hitchin action (12.181) we identify T = A\ 4 . For suitable normalization of 
B, the kinetic operator in So is 

K = -d^Ld = A 2 14 - ^ Pj 4 dS , (4.5) 

which is self-adjoint and indeed maps A\ 4 — > A\ 4 . The later fact follows 
from the right hand side of the expression above or by noting the identity 
The structure of ghosts encountered in section 3.2 implies 
n = 2 with T\ = P\ 4 d and Ti — d (their adjoints being just T\ = d) and 
T\ = d)). Hence the appropriate complex is 

D : 0^A?^A^A 2 14 -^A 2 14 ^0, (4.6) 

with the extension by K included. The resolvent properties can be checked 
explicitly but of course just follow from the BRST structure. Notice that 
the first two elements match those in the D complex in ( 14.41) while the third 
element corresponds to the first element in the D complex. 

Using these identifications, the partition function ( 14.31) for ( 12. 18ft can be 

9 For any (3 £ A^ 4 , one can use the identity P\d(3 — — ^((pAd^ (3) to derive this result. It 
is obtained by first noting that i.d(i = (2P| — l)d/3, then substituting 2d)P^d(3 — — \ * {<p A 
dd^ (3) — —dd^/3 + |P^ 4 rf(i^/3 that follows from taking d^ of the aforementioned identity. 
The second equality here follows from the 2-form projector identities *P| = \§ A P| 
*P^ 4 = —(f) A Pj 4 , which can be derived from the expressions in appendix B. 



16 



written 



Z = (det {Au-^PIJApIA) |det(P 2 14 rf 1 )||det( c / )|- 1 
= (det A 2 14 )- 1/2 |det (Pi^i)| 2 (det A°)- 1/2 

= (detA 2 4 )- 1 / 2 (det A^)(detA°)- 3 / 2 . (4.7) 

Superscripts (subscripts) denote the form degree {G2 irrep) on which Lapla- 
cian operator A 1 = d\ +1 di + di-\d\ acts. This action is invariant because 
A commutes with the projection operators on any G 2 manifold . The 
second equality has been obtained using the identity det (K + T{Tl) = 
(det if)|det T\| 2 which follows because KT{T\ = and T{r\K = 0. The final 
equality is obtained using a similar result det (T/Ti+T 2 T|) = |det Ti | 2 |det T 2 | 2 
following from T^T^T^ = and T 2 T%t1t 1 = 0. 

We have omitted the infinite-volume normalization factors coming from 
the zero modes of the Laplacians above. Formally the multiplicative factor 
from these zero modes can be written Vol(Hl 4 )Vo\(H^) /Vo\(H^) in terms of 
'volumes' of the appropriate cohomology groups. 



5 Generalized Hitchin functional 

In [11], one- loop computations in a theory based on the six-dimensional 
Hitchin functional were compared with one-loop computations in topological 
string theory, and the results were found to disagree. However, agreement was 
found once the Hitchin functional, which is a functional of a stable 3-form, 
was replaced by the generalized Hitchin functional [21], which is a functional 
of a generic stable form of odd degree. We will now repeat the analysis of the 
previous sections for an analogous generalization of the Hitchin functional in 
seven dimensions. The result of [UJ suggests it is this theory that should be 
compared with the topological G 2 string. 

10 This is not entirely obvious but can be deduced from the fact that G2 manifolds 
are Ricci-flat Rmn = and their Riemann tensor obeys Rmnpq4> P ® A — 0. The latter 
property can be deduced from the formula [Vm,Vjv]£ = jRmnab^ AB ^ for covariant 
derivatives Vm acting on the spinor £. That is the gamma matrices Tab on the right 
hand side must generate the G2 C 50(7) holonomy group of the manifold and so only 
those [AB] indices in the adjoint 14 of G2 should appear on the right hand side of the 
commutator. Thus the 7 part of the [AB] indices of Rmnab must vanish identically which 
gives the desired property. 
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5.1 The generalized Hitchin functional 

The appropriate generalization of the Hitchin functional in seven dimensions 
was described and studied in [221 [231 121] . Its critical points correspond to 
seven- manifolds M with generalized G 2 structure. That is, the structure 
group Spin(7, 7) of TM © T*M is reduced to G 2 x G 2 . This G 2 x G 2 is the 
stabilizer of a generic form of odd degree in seven dimensions under the action 
of the conformal structure group Spin{7, 7) x 1*. Each G 2 C Spin{7) fixes a 
unit spinor on M. For a fixed embedding Spin(7) x Spin{7) C Spin{7, 7) x 
R*, one finds the generalized G 2 structure reduces to an ordinary one when 
these two spinors are parallel. We defer to [221 [221 [21] for a more detailed 
discussion. 

The explicit construction of the generalized Hitchin functional proceeds as 
follows. One begins by writing a stable odd-form g e A odd = A 1 ©A 3 ©A 5 ©A 7 
0as@ 

g = e'^e 8 A ^sa - c $ - s*$(a A $) - sa A + c ^$ A *$$^ , (5.1) 

in terms of a scalar 'dilaton' ip, a 2-form B (which is related to the 5-field) and 
a 3-form $. The Hodge star is defined in terms of the metric associated 
with $, as in section [21 Furthermore, s and c are real numbers satisfying 
s 2 + c 2 = 1 and a is a unit 1-form, i.e. f M a A *$a = f M |$ A Despite 
the highly non- linear structure in (15. 1ft . a simple consistency check verifies 
that the number of independent components on the left- and right-hand side 
match. The odd-form g has Ylp=o (2 +1) = ^ com P onen t s ; while on the right- 
hand side there are two scalars, one unit 1-form (with six independent degrees 
of freedom), plus a generic 2- and 3-form, which also adds up to a total of 64 
independent components. Geometrically, the metric constructed from $ and 
the 2-form B describe the embedding Spin{7) x Spin{7) C Spin(7, 7) while ip 
parameterizes the conformal factor in Spin(7, 7) x R*. The parameters s and 
c can be understood as the sine and cosine of the angle 9 between the two 
unit spinors fixed under the action of each G 2 C Spin(7) in the stabilizer. 

The next step is to define an even-form O g g = e B A*$o"(e~ B Ag) G A cven = 
A © A 2 © A 4 © A 6 , associated with g. The operator a in this expression is 

11 Stability here means that the orbit of g under Spin(7,7) x M* forms an open subset 
of A odd . 

12 We define e B = 1 + B + |BA B + |B A B A B in seven dimensions. 
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the involution which maps u(uj) = —u for p-forms u with p = 1, 2 mod 4 and 
<y(u) = u otherwise. In terms of (15.11) . the even-form above is given by 

O e g = e^e 6 A (c — c *$$ + s*$(a A *$$) - sa A $ - s a) . (5.2) 

The generalized Hitchin functional is then defined as 

g A g , (5.3) 

M 

where the even-form 

f3 = cr(D (? ^) = e _</, e~ B A *$£>o , (5.4) 

and we have defined g = e v e~ B A g in the second equality. 
It is easy to verify that 

[ gAg = I e~ 2lp g A*<s,g = - [ e~ 2ip & A . (5.5) 

J M J M I J M 

Thus the generalized Hitchin functional looks very similar to the ordinary 
one . In particular, notice that the generalized functional does not depend 
on either a or B in the non-linear parameterization (15. ip . This invariance is 
similar to that found in the case of generalized Calabi-Yau manifolds [29], 
|30j . about which more will be said in the next section. 
The first variation of (15. 3p can be written 

5gAg = 2 gA5g. (5.6) 

M JM 

This can be obtained by direct calculation but also follows from J M gAg being 
'degree two' in g. Recall that a similar property followed for the ordinary G2 
Hitchin functional from it being a homogeneous polynomial in $ of degree 
Thus, for variations 5g = du (for any u G A cvcn ) within a fixed 



7/3 



13 Indeed it can be recast as the ordinary Hitchin functional $ A *^ = e 2v $ A in 
terms of the rescaled 3-form $ = e~ 6V//7 $. 

1 Of course things are a bit more subtle in the generalized case with regard to ho- 
mogeneity. One finds a well-defined notion of graded homogeneity exists for terms in g 
and g if rescaling $ with weight 1 is accompanied by rescaling a with weight 1/3 (all 
other fields have weight zero). This structure actually follows from scaling the constraint 
J M aA* $ a = / M i$A*$$. 
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cohomology class [g] G H odd (M, R), the critical points of the generalized 
Hitchin functional correspond to generalized G2 manifolds defined by dg = 0, 
dg = 0. 

As a quick consistency check of the variation above, notice that the B-field 
variation in 5g appears in the form 



and one easily verifies that g A g has no 5- form component, so that the B- 
variation does not contribute. This agrees with the fact that the generalized 
Hitchin functional is independent of B. 

5.2 Perturbation 

Having found the first variation of the generalized Hitchin functional f!5.3p . let 
us now proceed as in the previous sections and expand j M g A g to quadratic 
order in linear fluctuations of g around a generalized G2 manifold Mo, defined 
by a fixed background odd-form g that obeys dg — and dg = (where 
g = a(n\gg)). To simplify matters, we will choose this background to be an 
ordinary G 2 holonomy manifold, i.e. for which (p — B = s — and $ = <fi is 
the associative 3-form. 

We first expand g = g + Sg, and likewise for g, to linear order in variations 
of the parameters ip, B, a, s and $. One finds the components 





(5.7) 



for the first order variation of g in (15.11) . and 



Sg 2 
5g* 
Sg 6 



—dp 

-5B - *(5(sa) A *4>) 

5p *4> — — 5(sa) A 

5B A *0 + *5(sa) , 



(5.8) 



for g. 
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In terms of these variations of g and g, the generalized Hitchin functional 
can be expanded as 



q A g 



M 



g A g 



Mo 



5g A g 



Mo 



Sg A Sg 



(5.9) 



Mo 



Since we will be interested in only linear variations 5g = duo within a fixed co- 
homology class, we have not included the additional quadratic term \ J Mq S 2 gA 
g = | f Mo g A S 2 g which occurs when expanding g and g as polynomials in 
linear variations of the parameters <f, B, a, s and $. It must be stressed 
that we are assuming it is the linear variations 5g that describe the degrees 
of freedom of the quadratic Hitchin action here rather than those of the pa- 
rameters if, B, a, s and It would be interesting to check this assumption 
by comparison with the degrees of freedom describing moduli in generalized 
G*2 compactifications of physical string and M-theory. 

Plugging the linear variations of g and g into the quadratic term So = 
J Mo 5gA5g gives 



M 



8 8 

5$ A £(*,!,$) 5 if 5$ A *0 + -(5ip) 2 (f) A *(f) + 8 S(sa) A *5(sa) 

3 i 

— 2 5(sa) A 5$ A + 45(sa) A 5B A *4> + 5B A 5B A (j) . (5.10) 



Notice that demanding linear variations of g has inevitably led to a depen- 
dence on the parameters a and B in the quadratic part of the generalized 
Hitchin functional above. This dependence would only be removed by in- 
cluding the term J Mq 5 2 g A g involving non-linear variations of g. 

To express So in terms of 5g components, one must invert ( 15. 71) to write 
variations of the parameters in terms of 5g. This gives 



Sip 



5$ 



SB 



\p\{Sg*) + \{*Sg<)^ 

-P\{Sg') - P 3 7 (^ 3 ) - P 3 7 (^ 3 ) + - A {*Sg 7 ) 4> - ^Sg 1 A 



-Pi 
2 7 



*5g 5 



-*{Sg Y A *( 



(5.11) 



The identities *P 7 = \4>A P\ and *P\ A 
the last expression above. 



—(f) A P\ 4 have been used in deriving 
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Substituting (15. lip into (!5.1Up . and using (I2.15p . implies the quadratic 
part of the generalized Hitchin action can be written as 



On 



5g 3 A * 



n3 I p3 p3 

T 1 7 r 27 



5q 3 -^Sg 7 A *5g 7 - - (*5g 7 )5g 3 A *<p 



+5g 5 A * 



P 5 7 -P 5 



14 



5g 5 - 5g l A *5g 5 A *(f) - - Sg 1 A 



/ 


5g 3 A * 


\-Pl 
3 1 


+ P 7 


- P 3 
















3 

~4 


(V + 


3 y 


A *0 


A*( 





3 ^ 



+5^ 5 A * 



n5 p5 

r 7 r 14 



- A *5g 5 A^-^^A • (5.12) 



5.3 Quantization 

Let us now take first order variations 5g = du (for any uj G A cvcn ) within a 
fixed co homology class [g] G H odd (M, M) of the background. The quadratic 
part So of the generalized Hitchin action we have just obtained corresponds 
to the classical action to be quantized. If u is globally well-defined then the 
linear term f M 5g A g in the expansion vanishes since the integrand is a total 
derivative. The zeroth order term J Mq qAq — | J Mq 4>A*4> is just proportional 
to the volume of the background G2 manifold. 

Before embarking on this, we must take care that all the symmetries of 
the generalized Hitchin action are being accounted for. Recall that for the or- 
dinary quadratic G2 Hitchin action, background-preserving diffeomorphisms 
on $ gave rise to the symmetry under B — ► B + i v <p, for any vector field v on 
M, in addition to the obvious gauge symmetry under B — > B + dX. However, 
it turned out that the part of B in A|, only contributed a total derivative 
to the action and was ignored. Thus, since the diffeomorphism symmetry 
only acts on this component of B, it was irrelevant in the quantization of the 
diffeomorphism-invariant B G A| 4 part. 

A similar story applies to the generalized G2 Hitchin functional, but is 
somewhat more complicated. In this case one has background-preserving 
diffeomorphisms plus shifts by exact B-fields on TM ®T*M for g which give 
rise to the symmetry under uj — > u + t v g + ^ A g, for any vector field v and 
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1-form £ on M, in addition to the gauge symmetry uj — > c<j + o?A, for any 
A G A odd . The symmetry u — > uj + l v q again corresponds to diffeomorphisms 
of M while uj — > c<j + £ A can be understood as shifting B — ► B + <i£ by 
an exact 2-form. These two symmetries also correspond to the subset of 
Spin(7, 7) transformations that are automorphisms of the Courant bracket. 

Let us first address the latter symmetry. Since g = —(ft + A *(f) for the 
background we have chosen, the only non-vanishing contribution to £ A g is 
from the 4-form part — £ A 0. This corresponds to a transformation of the 
component uj 4 , where 5g 5 = duo 4 . In particular it acts only on the component 
of uj 4 in the irreducible subspace Af. However, one can check that the two 
terms involving 5g 5 = dui 4 in So only contain the component uj 4 G A2 7ffil , 
with the 7 part dropping out as a total derivative, and so this symmetry is 
redundant. 

The only contributions to i v g under diffeomorphisms come from its 2-form 
and 6-form parts. These correspond to the transformations ui 2 — > ui 2 — L v <p 
and u 6 — > tu 6 + of the components of u, which certainly do appear in the 
action Sq {y 9 denotes the 1-form dual to vector v in the u 6 transformation). 
Notice again that only the part of uj 2 in A| transforms under diffeomorphisms. 
However, this part of u 2 does not just give a total derivative contribution 
to Sq. (Note the factor of 3/4 in the projector in square brackets in the 
first equality in (15.121) . relative to the factor 4/3 in (12.151) that led to a total 
derivative contribution for the A| part.) The trick here, highlighted by the 
second equality in (I5.12p . is to observe that although u 6 and the 7 part of 
uj 2 individually transform under the diffeomorphism generated by v, one can 
find a particular linear combination of them 

C := u 6 + -u 2 A *(f> , 
3 

that is diffeomorphism-invariant. Therefore, up to total derivatives that we 
ignore, the action ( 15.12D can be written purely in terms of the diffeomorphism- 
invariant fields B := Pi 4 co> 2 , C, D := u and E := P27©i^ 4 ; and so we find 
this symmetry can also be ignored in our quantization. 

Thus we are left with only the gauge symmetry under 5B = P\ 4 d\, 
5C = dfi and 5E = V\ 7@x dv in 5*0, for any A G A 1 , fi G A 5 and v G A^^. 
The required prefactor P^©! in the gauge transformation for E projects out 
any singlet component of v identically. 

Before going on to consider the partition function for So, it will be conve- 
nient to illustrate how a field redefinition involving a shift by D of the singlet 
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part of E can be used to remove the term J M Sg 1 A *5g 5 A *<fi from the action. 
This works by first noting the identity 

^\P\8g b -5g 1 A*<p\ 2 -2\5g 1 \ 2 = hp 7 6g 5 \ 2 -5g 1 A*5g 5 A*4>-h5g 1 \ 2 , (5.13) 

which follows using |£ A *<f)\ 2 = 3 |£| 2 for any 1-form £. In addition, one can 
check that P\ 4 5g 5 = P\±dE projects out the singlet part of E. Thus by 
redefining the singlet part P\E — > P\E — D *<p one can rewrite the action 
(15.121) more conveniently as 

S = [ dB A*(2P 7 -l)dB --dC A*dC 
Jmq ' 4 

-2dD A*dD + dE A* Q P 7 ~ lj dE , (5-14) 

where E is now the redefined field. This redefinition has therefore diago- 
nalized the classical action. Notice that the quadratic generalized Hitchin 
action ( 15.141) contains the ordinary quadratic Hitchin action we quantized in 
sections 3 and 4. In addition there are the decoupled actions for a free 6-form 
C and scalar D, plus the somewhat more complicated action for the 4-form 
E G A| 7el . The BV quantizations of C and E are detailed in appendices D 
and E respectively. 

5.4 Partition function 

To obtain the 1-loop partition function for the generalized Hitchin action, 
we can just multiply the 1-loop partition function found previously for the 
ordinary G2 Hitchin action with those for the decoupled fields C, D and E. 

The action for the scalar D is non-degenerate and so its partition func- 
tion is simply Zq = (det A^) -1 / 2 . The partition function for the 6-form C 
was calculated in appendix D and found to equal the reciprocal of the Ray- 
Singer torsion of the background G2 manifold, Z 6 = 7^. The calculation in 
appendix E also yielded Z 27 ® 1 = Jj^ for E. Using the expression Z = Z\^ 
in ( 14.71) for the partition function of the ordinary quadratic Hitchin action, 
the 1-loop partition function Z gen for the generalized Hitchin action can be 
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written 

<7 —77 ^27©1 7 14 

^gen — z '0 Z/ 6 Z/ 4 ^2 

= [(detA?)- 1 / 2 ] x [(detA^V^detA^-^CdetA^^CdetA )- 7 / 2 ] 
x [(det A^ el )" 1/2 (det A 3 7e7 )(det A 2 )~ 3/2 (det A 1 ) 2 (det A°)- 5/2 ] 
x [(det A 2 4 )~ 1/2 (det A 7 )(det A°)- 3/2 ] 

= (detA!)- 8 (detA 7 ) 4 (det A 14 )- 7 / 2 (det A 27 ) . (5.15) 

The second equality follows using Hodge duality det A p = det A 7_p to sim- 
plify Zq. The final equality uses orthogonality of Laplacians acting on G 2 h- 
reps to write det A 3 = (det A^)(det A 3 .) (det A| 7 ), det A 2 = (det A 7 )(det Af 4 ) 
and also the various G 2 isomorphisms to relate det A x = det A^ = det A^, 
detA 7 = detA 7 = det A 2 = det A 3 (det A 14 = det A 2 4 and det A 27 = 
det A 3 7 ). 



6 Topological G2 string at one loop 

The genus-one free energy for a closed string theory is given by 

drdf 



Fl 



r-2 



Tr ((-l) F F L F R e 27rTiHL - 2wfiHR ) 



(6.1) 



If we treat this as an integral over the upper half plane, rather than the 
fundamental domain of the torus complex structure r = T\ + ir 2 , then it 
simplifies to 

F t = 8{H L - H R ) I ^ Tr ({-if F L F R e^ H ^) 

J T~ 2 



5{H L -H R ) log 



II det(2n(H L + H R )) 

.Fl,Fr 



{-l) F F L F R 



(6.2) 



Here Fl and F R are the right- and left-handed fermion number operators and 
F = Fl + F R . To evaluate this expression we need to know how the total 
Hamiltonian H L +H R acts on a general state A Ml ^ M . Nl ^ N .(X)%l)^ 1 ...ip^ ir ip R Jl ...'ip 
in the Hilbert space of closed G 2 string states. Recall from [5] that the left- 



25 



and right-moving sectors of the worldsheet each span a copy of the D com- 
plex in (14.41) in the G2 string Hilbert space, with the left- and right-moving 
BRST operators Ql and Qr identified with D acting on each of these two 
copies. 

The Hamiltonians in the left- and right-moving sectors are Hl = {Q L , Ql} 
and H R = {Q r ,Qr}- The GVfrreducible p-form spaces A£ in the same G2 
irrep n are isomorphic for different values of p, and the action of the opera- 
tors Hl and Hr on A£ depends only on the dimension of the G2 irrep. Thus 
we need only determine how these operators act on the tensor products of 
the 1 and 7 (i.e. states with or 1 fermion in the left and right sectors), 
since the action of Hl + Hr on the other states will follow from this. This is 
done in appendix F where the Hamiltonian is found to act as the Laplacian 
operator A 707 = A\ 4 + A 7 + A| 7 + A\ on states in 7® 7, A 7 = A 7 on states 
in7<g>l = l<g>7 and A x = A^ on states in 1 <g> 1. 

Having obtained the action of Hl + Hr on the G2 string spectrum, we 
are now prepared to evaluate the one-loop result 



log 



J] det(27r(H L + H R ))^ FF ^ 

.Fl,Fr 



(6.3) 



Recall that the fermion numbers Fl and Fr run from to 3, each labeling 
elements of the respective left/right copy of the D complex — > A 7 — > 
A 7 — > Af. The relevant G2 irreps are thus 1, 7, 7, and 1 for 0, 1, 2, and 
3 respectively. To compute all the contributions in the product above we 
determine (Hl + Hr)(~^ FlFr for all values of Fl and Fr in the table below 
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(At) 


(A TO t)- 2 


(A^t) 4 


(At)- 6 
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(Ai)° 


(At) 3 


(At)- 6 


(Ax) 9 



Combining all these contributions gives (det A 7(gl7 )(det A 7 )~ 6 (det A1) 9 
which can be further simplified by decomposing the first determinant in terms 
of Laplacians acting on G2 irreps. That is det A 7(g)7 = (det Ai 4 )(det A 7 )(det A 27 )(det Ai) 
because composition of any two different irreducible Laplacians in A^ 4 + A| + 
A| 7 + A^ vanishes as a result of orthogonality of the G2 projectors. Thus we 
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have 

(det A TO7 )(det A 7 )~ 6 (det Ax) 9 = 

(det Ai) 10 (det A 7 )- 5 (det A 14 )(det A 27 ) . (6.4) 

It will be convenient to normalize such that the 1-loop partition function for 
the G2 string is Z stT i ng = exp (— hFij, so that 

Zstnng = (det A^-^det A 7 ) 5 / 2 (det A 14 )" 1 / 2 (det A 27 )- 1/2 . (6.5) 

Thus we conclude that Z string ^ Z gen but their relation will be explained 
in more detail in section 8. 



7 Dimensional reduction 

Let us now consider a special G2 background of the form M Q = CY 3 x S 1 and 
compactify the classical quadratic Hitchin functional (12.181) on the circle. 
The purpose of this reduction will be comparison with previous work on 
quantizing Hitchin functionals in 6 dimensions. 
The background and perturbation reduce to 

(j) = k Adt + p 

*<f) = pAdt+-kAk 

B = AAdt + b, (7.1) 

where k is the Kahler form, p and p are the real and imaginary parts of 
the holomorphic (3, 0)-form on CY 3 and t is the S 1 coordinate. Recall that 
B e A\ 4 and the constraint <p MNP B^p = implies the 1-form A and 2-form 
b in six dimensions are not linearly independent. In particular, the reduction 
of this constraint implies 

Pmnp b ^ ~t~ 2 k mn A , kmnb . 

Since A 2 = A 20 © A 11 © A 02 = A 2 © A 2 © A 2 © A| in terms of SU(3) repre- 
sentations, the equations above tell us that b has no 1 singlet part and its 
3 © 3 = 6 vector part is proportional to A. It will prove more convenient to 
remove this dependence by describing the reduction in terms of the redefined 
field j 

bmn b mn ~\- ~PmnpA , (7.2) 
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which obeys p mnp b p = 0, k mn b mn = and so b G A|. 

The quadratic terms in the G2 Hitchin action reduce to 
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(7.3) 



where F = dA and /i = db. Some algebraic identities for products of the 
background Calabi-Yau data k and p have been used, which follow by substi- 
tuting (17.11) into the G2 identities in appendix A. The first term vanishes due 
to 4> mnp Bnp = 0. The second and third terms can be expressed in terms of 
h = db and F = dA and simplified. 
The final result is that 
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(7.4) 



up to total derivatives which we ignore. The integral of the left hand side 
being proportional to the quadratic Hitchin action (12.181) in 7 dimensions. 
It is worth noting that this reduced action has quite a subtle gauge sym- 



metry arising from reduction of the symmetry under SB 
mensions. It is invariant under the transformations 



P 2 14 dX in 7 di- 



5b 



P 2 8 d\ , 



5A m = -^p mnp d n X p + ^d m a 



(7.5) 



where A and a are a 1-form and a scalar in 6 dimensions. The a trans- 
formation leaving F = dA invariant is the usual gauge symmetry but no- 
tice that A also transforms under the canonical gauge transformation for 
the 2-form b. It will be convenient to introduce the dual variable f3 mn = 
—3 p mnp A p G A 2 , to the gauge field A m , which has the gauge transformation 
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8/3 mn = Pmnp(^ ah d a \ — 2 p mnp d p a. In terms of this dual field, the Lagrangian 
(17.41) becomes 

3 ~ 3 ~ 3 

\h I 2 — -I/) l* n P| 2 __/, k np f) R mq + -\f) n R I 2 

I "-mnp | ^\'<"mnp rv \ 2 mn P L 'q , r' 4' rmn| 

+ ^|p m „ P 9 m ^| 2 , (7.6) 

up to total derivatives . Notice that d n (3 mn is invariant under the a part of 
the gauge transformation while p mnp d m f3 np is invariant under the full gauge 
transformation of (3. d n (3 mn transforms non-trivially under the A part of 
the gauge transformation but the integral of the first line in (17.61) is fully 
gauge-invariant . 

We are now prepared to compare these results with the analysis of Pestun 
and Witten pi] • 

7.1 Comparison with Pestun- Witten 

The field h we obtain from dimensional reduction of the G2 Hitchin functional 
may look reminiscent of the 2-form appearing in the quantization of the 
quadratic Hitchin action for a stable 3-form in 6 dimensions Indeed 
one might expect the results of Pestun and Witten to follow as some kind 
of consistent truncation of the reduction of the G2 theory. After all, the 
variations p — > p+db' considered in [UJ form a subset of the ones <fi — > <p+dB 
we have used in 7 dimensions (within which k is invariant). We will now show 
that this is indeed the case, though the relationship between the quadratic 
actions is not quite so straightforward. 

Under variations p — > p + db', the quadratic part of the Hitchin functional 
J p A p for a stable 3-form in 6 dimensions is proportional to 

, (7-7) 

where h' = db' . This is just a rewriting of the classical action in equation 

15 The identities k m p b pn — k n p b pm and k m p (3 pn = —k n p [3 pm , which hold for any b G 
A| and G A|, have been used. In addition, it is helpful in deriving (|7.6[) to use the 
identity 2 l-Fmnl 2 = \p m n P F np \ 2 + \k mn F mn \ 2 (up to total derivatives) and that p m n P F np = 

3^ /^mn and k F mn — QPmn p d P - 
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(2.11) of [11] in real coordinates, and equals 6 J hi A Jh', where 

1 O 11 

T 1 rs P 1' rs 4- _K £■ [ ? t rs ] n n« rs -I n n qrs 

°mnp ~ g t mnp ' ^ [ mn p] ^PmnpP i ^h>mnph> i 

defines the action of the complex structure of the background on 3- forms 
(and indeed obeys J 2 = — 1 and JQ = iQ, Q = p + ip). 

Let us now decompose b' mn = b mn + jp mnp a p , where a m = p mn pb' np and b e 
Ag©A^ (a and b correspond to 620+^02 and &n in [11] in complex coordinates). 
Just as in equation (2.11) of [llj . one finds that all terms involving a drop out 
of (17. 7p as total derivatives, making background-preserving diffeomorphisms a 
redundant symmetry of this action. The resulting Lagrangian is proportional 
to 

3 
2' 



where h = db, and its integral is invariant under the gauge transformation 
5b = Pi ffi i<iA, for any 1-form A. (This fact is more obvious in complex 
coordinates where the Lagrangian above is dbnAdbu and Sbn = <9Aoi+<9Aio-) 
We can further decompose the 2-form b mn = b mn + \k mn (p into irreducible 
representations of SU(3), where <p = k mn b mn is its singlet part and b G A| is 
its primitive component in the adjoint of SU(3), that we would like to relate 
to the 2-form gauge field appearing in (17.41) . Under this decomposition, (17.81) 
reduces to 

\h mnp \ 2 - l\h mnp k^ = \h mnp \ 2 -\\h mnp k" p \ 2 

-h mnp k np d m v - l -\d m ^\\ (7.9) 

and is invariant under the gauge transformations 5b = P|dA, 5(p = 2 k mn d m X n . 

Notice that naively setting (p = would not identify this action with 
the first line of (I7.4p . This could have been anticipated though since neither 
ip = nor F mn = are gauge-invariant equations. A better strategy is to 
integrate out •p. The gauge-invariant equation of motion for ip is 

2 -U? = -d m Chmnpk nP ) . (7.10) 

This implies the equation 



^ d mV = -h mnp k np + d n (3 mn , (7.11) 
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where the coexact term involves some locally-defined 2-form (3. The equation 
above is only gauge-invariant provided Sj3 mn = p m np(f ah da\ + Pmnpd p l + 
Pmn P d p s, for any scalars 7 and e. Thus we can identify j3 € A| in the coexact 
term above with the dual variable to A introduced in the previous subsection 
(provided we set 7 = —2a and e — 0). 

Substituting the equation above into (17.91) implies the Pestun-Witten La- 
grangian becomes 

~ 2 3~ 2 3 ~ 3 2 

\hmnp\ ~~^h mn pk P \ ~^h mn pk P dq(3 ~\- ~^\& ftmn\ j (7. 1 2 J 

which agrees with the first line of (17.61) . The absence of the second line of 
(17.61) in the Lagrangian above is due to the extra scalar gauge symmetry 
under 5[3 mn = p m n P d p e in the Pestun-Witten theory, which does not arise 
from reduction of the G2 theory in seven dimensions. However, the second 
line of (17. 6p has a nice interpretation from gauge-fixing the extra e symmetry 
in the Lagrangian above. That is, under 5f3 mn = p mn pd p e, the dual 1-form 
gauge field k mn A n has the canonical gauge transformation d m e. Thus the 
Lorentz gauge-fixing term for this symmetry is proportional to \d m (k mn A n )\ 2 
which is exactly the square of k mn F mn = \p mn pd m j3 np appearing in the second 
line of (TO . 

Thus we have found agreement between the local degrees of freedom aris- 
ing from the reduction of the G2 theory and the Pestun-Witten theory de- 
scribing variations of a stable 3-form in six dimensions. This may seem 
somewhat surprising since we were allowing variations of both k and p in the 
reduced theory. Indeed the premise of topological M-theory [3] is that classi- 
cally the G2 Hitchin functional should encapsulate both Kahler and complex 
structure deformations of the A- and B-models in six dimensions. Thus, in 
addition to the Pestun-Witten theory, we might have expected the quadratic 
action for a stable 2-form, that is related to the quantum foam description 
of the A-model [H12], from the reduction. However, such a quadratic action 
would be proportional to J k A F A F and so the Lagrangian corresponds to 
a locally-defined total derivative. For general Calabi-Yau backgrounds this 
term corresponds to the non-trivial integral second Chern class of the U(l) 
gauge bundle with curvature F. However, in the topologically trivial case 
we have considered, such terms have been dropped. It would be interesting 
to understand the global topological structure of the reduced theory in more 
detail, but this would require a more refined analysis than we are attempting 
here. 
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7.2 Dimensional reduction of generalized G2 theory 

Having related the dimensional reduction of the quadratic G2 Hitchin func- 
tional to the corresponding quantity in six dimensions calculated in [llj, we 
will now examine the reduction of the generalized G2 theory and its relation 
to the extended Hitchin functional used in [TT] . To do this it will be helpful 
to begin with a brief review of generalized Calabi-Yau manifolds (see [29], 
[30] for more details). 

7.2.1 Generalized Calabi-Yau manifolds 

The critical points of the generalized Hitchin functional in six dimensions 
correspond to six-manifolds N with generalized SU(3) structure, so called 
generalized Calabi-Yau manifolds [29]. The structure group Spin(6, 6) of 
TN © T*N here is reduced to an SU(3) x SU(3) subgroup in the following 
way. Under the action of the conformal structure group Spin(6, 6) x M.* in 
six dimensions, the stabilizer of a generic form of either odd or even degree 
is 577(3,3). When acting on complex- valued odd/even- forms, the conformal 
structure group is complexified to Spin(12, C) x C and its orbits correspond to 
the subspaces A 30 © A 21 © A 10 © A 32 C A odd © C and exp(A° © C © A 2 © C) C 
A even © C on N, each of which are fixed by an SU(3, 3) subgroup. Both 
these SU(3, 3)-invariant orbits are 32-dimensional and, as vector spaces, are 
isomorphic to the real form subspaces A odd / even C A odd//even © C. Given two 
generic stable forms of odd and even degrees, a different SU(3, 3) stabilizes 
each of them and it is only a common SU(3) x SU (3) subgroup that can fix 
them both simultaneously. An odd- and even-form which are simultaneously 
stabilized by SU(3) x 577(3) in this way are said to be compatible. The 
existence of a stable odd- and even-form which are compatible defines a 
generalized Calabi-Yau structure^ . As noted in equation (2.102) of [30], any 
two stable forms X- A odd an d X+ A even are guaranteed to be compatible 

16 This is similar to the situation for ordinary Calabi-Yau structures in six dimensions, 
where the stable 2-form k (fixed by 5p(3, R) C GL(6, R)) and 3-form p (fixed by SL(3, C) C 
GL(6,R)) can only be simultaneously fixed by a common SU(S) subgroup. These two 
forms are compatible if k A p = 0. 
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provided they solve 

({v + 0-X-,X+) = hX- Ax+-(^X-+£ A X-) Axt 

+ (LvX- + Z A XL) A xl ~ £ A xl A x°+ 
= 0, (7.13) 

for any vector v and 1-form £ on AT. Since u + £ transforms as a vector 
under Spin(6, 6), this condition is clearly necessary due to the absence any 
singlets in the vector decomposition under SU(3) x SU(3) C Spm(6,6). 
The operator (v + £)• = t v + £A gives the action of the Clifford algebra on 
odd/even- forms (understood as Majorana-Weyl spinors of Spin(6, 6)). The 
bilinear map A odd / even x A odd / even _> A 6 

( ^odd ; x od d) = _ u l A x 5 + ^3 A x 3 _ ^ A x l 

called the Mukai pairing, represents the inner product of the isomorphic 
Spin(6, 6) chiral spinors. 

A special case where the generalized Calabi-Yau structure reduces to an 
ordinary one is when the stable odd-form has no 1-form and 5-form compo- 
nents but the even-form is generic. The odd-form is then a 3-form p, stabi- 
lized by SL(3, C). If we call the complex 2-form b + ik in the even-form orbit 
then the 12 generalized compatibility equations reduce topAA; = pAb = 
and solutions define an ordinary SU(3) structure (corresponding to the com- 
mon subgroup of odd/even-form stabilizers SX(3,C) and SU(3, 3)). 

7.2.2 Reduction of generalized G2 theory 

The parameterization given in [2~2l |2~3"1 12~1] for the stable odd-form g (15.11) 
we used in seven dimensions is convenient for the reduction since, in an 
orthonormal frame, the 1-form a defines the direction orthogonal to which 
the generalized Calabi-Yau structure is contained. Thus we will decompose 
the data with respect to the direction defined by a as 

$ = p + k A a 
= p A a + k 
B = b + aAa. (7.14) 
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It will be convenient to write e %e = c + is and Cl = p + ip to define the new 
3-forms p = Re(e _;i6, f2), p = lm(e Cl). It will also be convenient to take 
k — |/c A k, anticipating the Calabi-Yau substructure that will occur in the 
reduction. In terms of the new data, (15.11) can be written as 



Q 



— e ^ p Ae 



b+aAo 



+ Re( ie 



A a 



(7.15) 



Notice that the second term looks like it will give a stable even-form spanning 
exp(A°(g)C©A 2 ®C) C A even ®C in six dimensions. The non-a terms however 
seem to be missing a 1-form component needed in order to reduce to a generic 
stable odd-form. 

If we now reduce by restricting attention to special generalized G2 man- 
ifolds of the form N x S 1 , with generalized Calabi-Yau structure on N and 
coordinate t £ S 1 , then one can identify a = dt + (, where ( is an arbitrary 
harmonic 1-form on N (this preserves the constraints that a be closed and 
have unit norm with respect to the metric reconstructed from $). It is ( that 
will account for the missing 1-form above. It is perhaps worth noting that if 
one dropped the harmonic constraint on (, and only assumed it was closed, 
then one could always reobtain a harmonic representative in the cohomology 
class [£] via a suitable shift ( —>■ ( + dj resulting from the 7-dimensional 
diffeomorphism generated by the 7- vector X whose only non- vanishing com- 
ponent is X 1 = 7 (i.e. a scalar on N). Similarly, one can use the freedom 
to shift B — > B + de in seven dimensions to remove the term a A (it in the 
reduced 2-form B by choosing e = ta. We will not do this however since we 
do not yet want to fix any of the symmetries of the reduced theory. 

The explicit expressions for the reduction of the stable forms in the gen- 
eralized G2 theory are 



Q 



s( + {—p + (sb — ck) A C} 
+ j-p A b + (|(b 2 -A; 2 )-cbAA;-pAa)AC 



+e~ lp dt A 



s + {sb - ck} + ||(b 2 - k 2 ) - cb A k - p A a j 



+ (-(b 3 - 3A; 2 A b) + -(k 3 - 3b 2 A jfe) - p A b A all (7.16) 
16 6 j - 
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= e~ v dtA 



+ 



ca + {p - (sk + cb) A a} + j-p A b - (^(k 2 - b 2 ) - sb A kj A a|] 

|c + {-sA; - cb - ca A (} 
||(b 2 - A; 2 ) + sb A k - p A C + (sk + cb) A a A 

+ j jj(/c 3 - 3b 2 Ak) — ^(b 3 - 3A; 2 A b) + (|(A; 2 - b 2 ) - sb A fc) A a A C 

+pAbAC}]- (7.17) 

This allows us to identify p = x~ + X+ A (it and g = X- A dt + x+, in terms 
of odd-forms X-j X- an d even- forms x+i X+ 011 In fact, it will be more 
convenient to define g = e a/sC - A x~ + X+ A dt and g = X- A dt + e~ a/sC - A x+- 
The identities f N X- A a A ( A X- = and J N x+ A a A ( A x+ = ensure that 
either choice will give rise to the same reduced Hitchin functional j M qAq = 
JnxS^X- A X- + X+ A X+) A d*. Thus we have 



X- 



e u A 



s(-{p + c(Ak)-h 2 AsC 



X+ 



e^e b A 



s — cA; — (p A a + |/c 2 ) + ^A; 3 
2 6 



X- = e"^r b A 



-ca - (p - sa A A;) + ^A; 2 A ca 



x+ = 



e^e- b A 



sk-(pA( + -k 2 ) 



6 



(7.18) 



Notice that the odd- forms are related by an anti- involution x~ ~ ¥ X-i X- ~ * 
—X- that is generated by the parameter transformations (s, c, p, k, b, a, Q — > 
(c, — s, p, — A;, — b, — C, — a). This is a symmetry of the odd-form functional 
Inxs 1 X- A%- Adi if t is invariant. Similarly the even-forms are related by an 
anti-involution x+ —> X+> X+ ~~ * — X+ th & t is generated by (s, c, p, A;, b, a, £) — > 
(c, — s, p, — A;, — b, C, a). This is a symmetry of the even-form functional 
Inxs 1 X+ A x+ A rft if t ^ —t. In both cases the transformations of (s, c, p) 
follow from a shift 9 — > 6 + n/2 of the angle between the two GVinvariant 
unit spinors in 7 dimensions (recalling that p = cp + sp and p = — sp + cp in 
terms of the original data). 
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These two anti- involutions just correspond to the action of the Hamilto- 
nian vector field on the symplectic spaces spanned by x±+^X± that is defined 
respectively by the odd- and even-form functionals 



X- AX- 



JV 



N 



[pAp-spAA;Aa-cpAA;AC] 



X+ Ax+ = / e" 2</3 -k 3 + sp A k Aa + cp A k A( , (7.19) 

using the constant symplectic form on the complexified stable odd- and even- 
form spaces, as described by Hitchin on p. 16 in [29]. Thus the circle action 
X± + ix± ~^ e_M? (x± + ix±) generated by this Hamiltonian vector field has 
a nice interpretation via shifts 9 — > 9 + d in the angular separation of the 
generalized G2 unit spinors. 

As a quick consistency check, we see that the sum of these functionals 

gAg = [ e~ 2ip (pAp+ -k A k A k J A dt , (7.20) 

corresponds to the generalized Calabi-Yau Hitchin functional [30], modulo 
the compatibility conditions that we will now discuss. 

With the identification (17.181) . the generalized Calabi-Yau compatibility 
conditions (17.131) for x± become 



> \ p + -C A k \ A (k+ AC 







(p + cC A k) Aa + -k 2 



A L v p 







(7.21) 



for any vector field v (the arbitrary 1-form ^ has been factored out of the 
first equation). An additional term [cp A k + sp A a A ( + k 2 A (} A i v b in 
the second equation vanishes as a result of the first equation, to completely 
remove the dependence on b in (17.211) . The second equation has also been 
simplified using cp A k A ( = which follows from the first equation. 

It will be useful to conclude this subsection by also noting the related 
compatibility conditions for x± 



-a A k^j A (k + -a A C 







-p + sa A k) A C + -k 2 



A L v p 



(7.22) 



36 



7.2.3 Comparison with Pestun-Witten 



Let us now consider how the quadratic part of the reduced functional above 
relates to the one considered in [11] . Recall that the extended functional used 
in [11] corresponds to the Hitchin functional for a stable odd-form a, fixed 
by £{7(3,3). Since the reduction of the generalized G2 Hitchin functional 
involves both a stable odd-form X- an d even-form \+i fixed by SU(3) x 
£{7(3) C G2 x G2, we should not expect these theories to agree directly 
but will find that the theory of Pestun and Witten arises as a truncation of 
the generalized G2 theory, with x~ related to the odd-form a in [11] after 
imposing the generalized Calabi-Yau compatibility equations. 

When expanded around a Calabi-Yau background 7V , the quadratic part 
of the extended functional in [TT] becomes 

5a A 5a = [ 5a 3 A J5a 3 + 25a 5 A JSa 1 , (7.23) 

'No J N 

where 5a = JSa in terms of the background complex structure J : A odd — ► 
A odd . The action of this background complex structure can be written J = 
Ji + J3 + J5 where J 3 acts on 3- forms via the map given below (17. 7J) , J\ acts 
on 1-forms mapping £ m — > k m n £, n and J5 = — * J\* acting on 5-forms . 
Thus one has J 2 = —1. The identity a 1 A J5a 5 = a 5 A JSa 1 has been used 
above. 

To relate this to the quadratic part of the odd-form functional for X- 
in (17.191) requires some more work. We begin by implementing the first 
compatibility equation in (I7.2ip . (17.221) in (17.191) which gives 

1 



X- A X- 



N 



N 



N 



-lip 



pAp 



sc. 



-Ar A a A C 



p+-(Ak 



A [p 



-a Ak 

s 



X+ AX+ 



N 



N 



2 1 

-k 3 H k 2 A a A C 
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J e~ 2Lp k A (k + A c) A (ife + A C 



(7.24) 



17 The sign here follows from the requirement that J^ujf\J\^ — for any 5-form u> and 
1-form £. In particular, taking oj = then this follows from the fact that * Ji£A Ji£ = *^A^ 
and that * 2 = —1 on odd-forms in 6 dimensions. 
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for generic s, c ^ 0. Notice this has decoupled the terms involving p and p 
from a and ( in the odd-form functional. 

Although we have not yet expanded around a fixed Calabi-Yau back- 
ground it will be convenient to define the map J\ : A 1 — ► A 1 as Ji(£) = 
— * (| A; 2 A H and the map J5 = — * J±* : A 5 — > A 5 which will reduce to 
their namesakes defined earlier in the quadratic expansion. The odd-form 
functional above can then be written more suggestively as 



X- A X- 
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p A p H *a A JiC 

sc 



(7.25) 



'AT 

From this one can read off more suitable expressions for the odd-forms 
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e^e b A 
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e- v e- b A 



1 T ^ * 1 T 

-JiC + p + -*Jia 
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(7.26) 



which are presumably related to those given in (17.181) by a suitable symplectic 
transformation on the space of stable odd-forms (supplemented with the 
generalized Calabi-Yau compatibility constraints), since they both give rise 
to the same Hitchin functional . One therefore has §X- = J&X- f° r fi rs t 
order variations around a Calabi-Yau background with Kahler form k and 
complex structure Q = p + ip. One can recover the quadratic functional of 
Pestun and Witten by identifying the first order variations Sa 1 = 5(c _1 C), 
Sa 3 = 6{e-*p) and Sa 5 = ^(s^a). 



8 Background dependence 

In this section we will investigate the dependence of the 1-loop partition 
functions we have calculated on the choice of background metric. This can 
be deduced from theorems in [12] but we will derive it from first princi- 
ples. This analysis will help us reconcile the results of sections 5 and 6, by 
showing how the 1-loop partition functions Z gen and Z str ing are related. The 

18 For example, the expressions for x 5 - and x~ inside the square brackets in l|7.18p and 
(I7.26P are related by the symplectic transformation x 5 - — > — *X-> X- ~~ ¥ *X- that preserves 
J N X- ^X- (followed by a multiplicative factor 1/ sc related to the generalized Calabi-Yau 
constraint). 
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pertinent quantity to calculate is the first order variation S g (\og det A p ) of 
the logarithm determinant of Laplacians acting on p-forms in D dimensions. 
For simplicity we will begin by assuming metric variations around a back- 
ground with trivial cohomology so that there are no extra contributions from 
harmonic forms to concern us. 



8.1 General formulae 

Consider the variation of the canonical inner product 

(w,Op = / d D x^\g m ^\..g m ^u mi ... mp U...n v i (8.1) 

between two p-forms on a D-dimensional Riemann manifold M, with respect 
to the Riemannian metric g. This can be written 

S g(v,€)p = {uJ,B p £) p = (B p uj,£) p , (8.2) 
in terms of the algebraic operator 

(td\ ni ...n p _ n X r ,abx[ni rra 2 X 11 p] __X n at>s;ni sr" P /o o\ 

\ n p)m 1 ...m p - P°9 °b 9a[mi°m 2 ---° mp ] ^ 9 °[mi-%] ' ^°- 6 > 

which is a function of Sg and g, mapping A p — > A p . 

One can prove that 5 g {*u) = —B D _ p *cu = *B p uj for any uj G A p , from 
which one derives 

6 g (du) = d ] B p u - Bp^cu . (8.4) 

Using the formula 5(log det A") = 5(detX)/\detX\ = tr(X" 1 5X), for the 
variation of an elliptic operator X, and A p = d p+1 d p + d p _id p , one obtains 
the result 

5 9 (logdetA p ) = -2tr(^B p + 2j2B^j = - Q^tr (g^Sg) . (8.5) 

Notice that ti (g~ 1 5g) = 2 <5 9 (log Vol(M)), where Vol(M) is the volume of 
the Riemann manifold M. Some partition functions that are <5 9 -invariant 
around backgrounds with trivial cohomology develop a gravitational anomaly 
for variations around more general backgrounds. Topological symmetry can 
sometimes be restored in such cases by multiplying the original partition 
function by a compensating power of the volume of the background manifold. 
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This has been shown for the B-model in [TT] (and previously in unpublished 
work by Klemm and Vafa) and for certain Chern-Simons type actions in [12] . 

A nice consistency check of this result is to verify the lemma of Schwarz 
[T2] which states that the Ray-Singer torsion is a topological invariant in odd 
dimensions. Taking the log of this torsion, for D = 2k + 1, one finds that 
indeed 

V P=0 / \p=0 / 

(8.6) 

The last equality simply follows from a combinatorial identity. 



8.2 Metric dependence of 1-loop Hitchin functionals 

Using the expressions found in the last subsection, one can calculate the 
metric variation of the (log of the) 1-loop G 2 partition functions Z (14. 7p . 
Zgen ( 15.151) . Z string ( ]6. 51) . None of them are ^-invariant. This is to be ex- 
pected though since the G2 metric deformations contain both Kahler and 
complex structure deformations in the reduced theory. <5 9 -invariance in the 
B-model is related to it not depending on Kahler moduli, but it has the well- 
known wavefunction behaviour under variations of the complex structure of 
the Calabi-Yau. 

To understand this in more detail, let us examine the structure of topo- 
logical invariants built out of products of powers of det A p in D = 7. Since 
Hodge duality implies det A p = det A D ~ P , the only independent Laplacian 
determinants are for p — 0,1, 2, 3. (Using the various G2 isomorphisms al- 
ready mentioned, all the 1-loop partition functions we have calculated can be 
written as products of powers of these 4 Laplacian determinants.) Consider 
now the most general such product 

(det A 3 ) a (det A 2 ) b (det A x ) c (det A°) d , 

specified by any 4 real numbers a, b, c, d. Demanding the log of this expres- 
sion to be 5 5 -invariant implies 35a + 216 + 7c + d = 0. The 3 independent 
numbers parameterizing the invariant can be recast as powers of 3 more basic 
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topological invariants. A convenient choice for these 3 basis invariants is 



1 = (detA^-^detA ) 7 / 2 = (det A 7 )- 1 / 2 (det A^ 2 

11 = (detAV^detA 1 ) 3 / 2 = (det A 14 )- 1/2 (det A T ) 

| 2 = I RS = (detA 3 )- 1 / 2 (detA 2 ) 3 / 2 (detA 1 )- 5 / 2 (detA ) 7 / 2 

= (detA 27 )- 1 / 2 (detA 14 ) 3 / 2 (detA T )- 3 / 2 (detA 1 ) 3 . (8.7) 

Any 5 9 -invariant constructed from products of powers of Laplacian determi- 
nants in D = 7 can be written as Iq 'a '2? f° r some choice of a, b, c. Z, Z gen 
and Zgtring cannot be factorized in this way. However, Z, Z gen and Z str i n g 
can be written 

Z = IiIq 1 x Torp) x (det Ai) 1/2 
Zg en = l 2 - 2 lilo 1 x Tor(D) 
Z stnng = l 2 ltlo 4 x Torp) 4 , (8.8) 

in terms of the invariants lo, li, h, and a non-invariant object Tor(Z)) = 
(det A 7 )~ 1 / 2 (det Ax) 3 / 2 corresponding to the analytic torsion of the G 2 Dol- 
beaux D complex in (14. 4p . Recall that the D complex describes the spectrum 
of the topological G2 string [5] in much the same way that the d complex does 
for the B-model. Indeed Z string = Tor( J D®A 1 )/Tor( J D) 3 , where TorptgA 1 ) = 
(det A T0T )- 1 / 2 (det A 7 ) 3 / 2 = (det A 27 )- 1 / 2 (det A 14 )- 1/2 (det A 7 )(det Ax)' 1 / 2 
is the analytic torsion of the D complex for A 7 - valued forms. Z string is there- 
fore not 5 9 -invariant due to the identity Tor(Z) ® A 1 ) = I2 ' 1 'cT 4 x Tor(l)) 7 . 

The expressions above show that Z gen = Irs Z X J^ ing . Therefore, al- 
though not identical, the 1-loop partition functions for the generalized G2 
Hit chin functional and the topological G 2 string seem to be related up to a 
power of the Ray-Singer torsion invariant of the background G2 manifold. 

Let us now perform a similar analysis in D = 6 on a Calabi-Yau manifold, 
to reconcile the results above with those found in jTTJ. Hodge duality in 
D = 6 again implies the only independent Laplacian determinants are for 
p = 0,1,2,3. However, since we are considering a Calabi-Yau background, 
we can use the Hodge decomposition A 3 = A 30 © A 21 © A 12 © A 03 and vector 
space isomorphisms A 30 = A 03 = A 00 , A 21 = A 12 = A 11 to relate 3-form 
Laplacian determinants to ones for forms of lower degree. Thus the most 
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general product is of the form 



(detA 2 ) a (detA 1 ) b (det A°) c . 

This is 5 9 -invariant if 15a + 66 + c = 0. A convenient choice of 2 basis invari- 
ants, whose powers are parameterized by these two independent numbers, 
is 

J = (detA^-^detA ) 3 / 2 = (det A 10 )~ 1/2 (det A 00 ) 3/2 

h = (detA 2 )- 1 / 2 (detA 1 ) 5 / 4 = (detA 11 )- 1 / 2 (detA 10 ) 3 / 2 . (8.9) 

These are precisely the holomorphic Ray-Singer torsions Iq = 1^ and I\ = 
I?§ of the Dolbeault complex (for A 00 - and A 10 - valued (0, g)-forms), used in 
[TT] . The 1-loop partition function for the stable 3-form Hitchin functional in 
D = 6 is Ii/Io while that for the extended Hitchin functional (and B-model) 
is Thus we see that both are topological invariants . 

8.3 B-model gravitational anomaly from 7 dimensions? 

Notice that the coefficient in (I8.5P corresponds to the dimension of the vector 
space A p . For backgrounds with non-trivial co homology, det A p is defined by 
removing the zero-modes of A p , corresponding to harmonic p-forms, from the 
determinant. Let us naively assume this results in the redefined coefficient 
( ) — > ( ) — bp in (18. 5p . where b p = dim(H p (M, R)) are the Betti numbers. 
This will imply that partition functions that are invariant under deformations 
of a background metric with trivial cohomology can develop gravitational 
anomalies for variations around more general backgrounds. Furthermore, 
such anomalies will be proportional to some power of the volume of the 
background manifold. This power being some linear sum of Betti numbers. 

For the B-model, the particular linear sum of Betti numbers appear- 
ing corresponds to the Euler number \ = 2(/i n — ^12), in terms of the 
Hodge numbers of the Calabi-Yau background. Let us now consider a G2 
background of the form CI3 x S l and ask if there is any combination of 
Laplacian determinants in 7 dimensions, whose metric variation correctly re- 
duces to this B-model gravitational anomaly? Using the Kunneth formula 

19 If wc drop the assumption of trivial cohomology of the background, then the B-model 
partition function gets a gravitational anomaly [11] and it must be multiplied by a com- 
pensating volume factor Yo\{CY?,)~ x l 12 (where \ is the Euler number of the Calabi-Yau 
background) to make it invariant. 
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b p (CY 3 x S 1 ) = b p (CY 3 ) + 6p_i(Cy 3 ), we see that b 3 = 2(1 + /i 12 ) + /i n , 
&2 — ^11 and bi = bo = 1 on CY3 x 5 1 . Thus we can write 

X = 2 (/in - /112) = -& 3 + 3 6 2 + (2 - a) 61 + a&o , 
for any real number a. This coefficient appears from the metric variation of 

(detA^-V^detA^^CdetA^^^^detA ) / 2 = I RS x 

(possibly to some overall power). Of course, we also want this to be 5 g - 
invariant around backgrounds with trivial cohomology and so must choose 
a = 7. Hence the gravitational anomaly of the B-model on CY 3 has a simple 
interpretation from metric variations of the Ray-Singer torsion on CY 3 x S 1 . 

9 Conclusions and open questions 

In this paper we have attempted to understand more about the quantum 
structure of topological M-theory [3] from perturbative quantization of the 
(generalized) G2 Hitchin functional. 

We computed the 1-loop partition function of the ordinary G2 Hitchin 
functional and agreement was found between the local degrees of freedom 
for the reduction of this theory on a circle and the corresponding theory of 
Pestun and Witten [TTJ, obtained from the Hitchin functional for a stable 
3-form in 6 dimensions. 

The calculation was repeated for the generalized G2 Hitchin functional 
and a certain truncation of the circle reduction of this theory was related to 
the extended Hitchin functional in 6 dimensions, whose 1-loop partition func- 
tion was equated with the topological B-model in [TTJ. The 1-loop partition 
function for the topological G2 string [5] was also computed here and found 
to agree with the generalized G2 theory only up to a power of the Ray-Singer 
torsion of the background G2 manifold. 

There are however a number of subtleties involved in this calculation. 
First it is not obvious to us that the linear variations Sg of the stable odd- 
form in 7 dimensions constitute the appropriate degrees of freedom describing 
the quantum theory. That is g is a non-linear function of parameters which 
seem more naturally related to stringy moduli. To clarify this point as well as 
for physical applications of our results it would be important to understand 



det A 1 
det A 
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whether our computation could be related to effective actions for generalized 
G*2 compactifications of physical string and M-theory. This could also help 
determine the fundamental degrees of freedom of topological M-theory. 

Another important issue is whether the gauge field components we have 
ignored in the quantization, because they do not appear in the quadratic 
action (i.e. they are projected out or neglected as total derivatives), have a 
non-trivial contribution to the partition function. For instance they could be 
important in defining an appropriate path integral measure and give rise to 
non-trivial 1-loop determinants that would modify our results. It is possible 
that resolving these subtleties could lead to a more precise agreement between 
the generalized G2 Hitchin functional and topological G2 string at 1-loop. 

Certainly it would be interesting to understand the global structure of the 
1-loop G2 Hitchin functionals for topologically non-trivial gauge fields and 
their reduction to 6 dimensions. According to the philosophy of topological 
M-theory, this would provide a non-trivial gauge-theoretic description of the 
coupling between the Pestun-Witten description of the B-model jTTJ and the 
quantum foam description of the A-model [H [2]. The observables of this 
theory could compute interesting gerbe invariants. 

Higher order diffeomorphism-invariant terms in the expansion of the G2 
Hitchin functional can be understood as BRST-invariant operators deforming 
the quadratic theory. For example, in the reduction B = b + A A dt, the 
cubic term in the expansion that we calculated in section 2.2 contains the 
J F A F A F deformation of the quadratic term J k A F A F in the A-model 
quantum foam [U,[2]. It would be interesting to understand the effect of such 
higher order deformations in 7 dimensions. 

Finally, since general background G2 metric variations contain complex 
structure variations in 6 dimensions, it is natural to ask whether the wave- 
function behaviour of B-model has a nice interpretation in 7 dimensions? 
Indeed this was one of the original motivations for the proposal of topolog- 
ical M-theory in [3]. It is possible that this could be understood from the 
structure of partition functions we have calculated here although we have 
not investigated this idea. 
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A G2 and CY identities 

A seven- dimensional Riemann manifold M is guaranteed to have holonomy 
in the subgroup of G2 C 5*0(7) by the existence of a harmonic 3-form $. In 
our conventions $ and its Hodge-dual *$ can be written 

$ = e 123 - e 147 - e 156 - e 246 + e 257 + e 345 + e 367 
*$ = e 1245 + e 1267 + e 1346 - e 1357 - e 2347 - e 2356 + e 4567 , (A.l) 

with respect to an orthonormal basis e 1 (where e Il ~ Ip = e h A ... A e Ip ). 

Some useful identities for products of the components of $ and *$ are as 
follows 

^uka^ pqra = 6 6ffi6% + 9 S^jW - ^ JK ^ PQR 

*ija* pqa = 26ffi (A.2) 

These identities can be proven in the orthonormal basis above but it is clear 
they are also valid in any coordinate basis by simply acting on the formu- 
lae with the appropriate combination of vielbeins. Other required identities 
follow by taking contractions or Hodge dualizations of the ones above. For 
example, 

^ijab^ PQAB = 8^ + 2*$^ 

*^IJAB^ PAB = 4$,/ 

®ijk6 ABCDEJK = 10*& ABCD 8f ] . (A.3) 

One can deduce the corresponding Calabi-Yau identities from dimensional 
reduction of the G 2 ones above, with $ = p + k A dt and *$ = p A dt + \k A k 
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(p and p being the real and imaginary parts of the holomorphic (3,0)-form 
Q and k being the Kahler form), as in (17.11) . In an orthonormal basis e m for 
the Calabi-Yau we can write f2 = —idz 1 A dz 2 A dz 3 and k = Mz m A dz m , 



where dz Tl 



+ ie 



m+3 



Written out explicitly, these expressions give 



P 
P 
k 



e 126 _ e 135 + e 234 _ ^ 
_ e 123 + e 156 _ e 246 + ^ 

e 14 + e 25 + e 36 , 



and follow from the aforementioned reduction of (lA.ip after relabelling 1 
Some useful identities for products of components of p, p and k are 



(A.4) 
«-> 4. 



£■ _|_ n rP qr 

D D Pqr 



qrs 



2« + 5(*Afc) 

Pmnr 



pq 



uqr 



25f 5\-2k p k « 

[m n\ [m n\ 



o o pqr 

rmnrr 




PmnpP 






= -5 P 

w m 


k n npq 
nj mnr 


= -p Pq 
rm 


k n npq 


= p Pq 
rm 


PmnpP 


PmnpP Pq 4 0^ 


PmnpP ^ 


— 4k q 


mnpqrs 
' Pqrs 


= -Qp^np 


mnpqrs * 
t Pqrs 


= 6p mnp 


mnpqrs i 
6 i^rs 


= 6k [mn k p]q 








= -k A k A k = *1 
6 


5 P[mnpPqrs] 


15 k[ mn kpqk rs ^ 6 r 



mnpqrs ■ 



(A.5) 
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B G2 cohomology 



The de Rham cohomology groups on a seven-manifold M with holonomy in 
G2 have the following decompositions 

H°(M,R) = R 

H\M,R) = H\(M, R) 

H 2 (M,R) = H%(M, R) © Hl 4 (M, R) 

# 3 (M,R) = H\(M, R) © H%(M, R) © H\ 7 (M, R) . (B.l) 

Similar decompositions follow for the remaining cohomology groups by Hodge 
duality. The subscripts in denote the irreducible representations n of G2 
that the /-form components occupy. The non-trivial projection operators 
onto these irreducible subspaces are given by 

(PI),jk PQR = ^uk$ PQR 

(PI?)UK PQR = Sffih ~ 1 Suk*™** - 1 ^UKA^ PQRA • (B.2) 



These can be checked using the G2 identities in appendix A. 

Smooth compact G2 manifolds have a somewhat simpler cohomology due 
to the fact that all H\ = (that is when the holonomy is the full G 2 and not 
a proper subgroup thereof). The only independent non-trivial cohomology 
groups in this case are H^, if| 7 and H\ A . A useful way to analyze the first 
two is to observe the isomorphism 

OiijK = 3^/6^ , (B.3) 

between the components oiijk in A^©A| 7 and the symmetric tensor represen- 
tation £/j = £jj of G 2 - The traceless part £u — j gu^ K K of £jj is isomorphic 
to A27 while its trace part ^gijt; 1 ^ is isomorphic to the singlet representation 
A^. Thus the only elements of Hf are constant multiples of Furthermore 
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one can show that if the 3-form a defined above is closed and coclosed (i.e. 
harmonic) then it follows that £ obeys 

£/ = , V 7 6j = , ^ kl VkUj = • (B.4) 

The equations above are precisely those satisfied by the (linearly indepen- 
dent) small variations £/j = 5gu of a G2 holonomy metric gj j in order that 
the new metric gjj + 5gu also has G2 holonomy. Thus elements of H\ 7 cor- 
respond to such G2 holonomy preserving deformations. Finally, any element 
of K\ A can be written as P\ 4 f3 for some 2-form (3 on M. Such elements have 
no other special properties, to the best of our knowledge, except that closure 
d{P\ 4 (3) = of P| 4 /3 implies coclosure d)(P\ 4 f3) = identically. 

C Poincare lemma for A\ 4 

Given a 2-form B on IR 7 in the 14 irrep of G2 that is coclosed d)B = then 
the Poincare lemma can be used to deduce 

B = cftE , P 7 d f 2 = , (C.l) 

for some 3-form S. One can decompose S into irreps of G2 as A 3 = © 
A 7 (B A27 using the 3-form projection operators in appendix B, such that 

^MNP = &MNP 0- + *®MNPQ b Q + CmNP , (C-2) 

where a = ±<S> mnp Z M np, ^ = ±*$ MNPQ Z MNP and c G A 3 27 . 

The identity P^cTP 3 = together with (jCTj) imply we can neglect a in 
H because it will drop out of B = P\ A B = P\ 4 SE. 

The identities in appendix A can be used to rewrite the second equation 
in (1C.1I) in components as 

<b M Npd Q ~ NPQ = ~<S> NPQ d [N (*$ PQM]R b R -c PQM] ) = 0, (C.3) 

where the identities &mijc n ij = &nijc m ij and Q MNP cmnp = have also 
been used. Thus an equivalent form of this equation reads 

P 4 7 d(P 3 -P 3 7 ) ~ = 0, (C.4) 

a solution of which is 

(P 3 - P 3 7 ) S = da , (C.5) 



48 



where a G A^ 4 . The reason that a is not a general 2-form is because of the 
identity P\dP\ 4 = implying da is automatically in Af © A| 7 as required by 
the equation. 

Since we have assumed P^S = then acting on the equation above with 
( p 7 - P 2t) S ives 

E = {P\-P\ 7 ) da = (2 P| - 1) da, (C.6) 

and hence 

B = d ] (2P\-l)da. (C.7) 

D BV quantization of a free 6-form in 7 dimensions 

The classical action for a free abelian p-form uj p in n dimensions is So = 
\ f n dujp A *du p . We will now describe the BV quantization of this action for 
the special case of p = 6 and n = 7, where uq = C. 

The classical action for is degenerate under the gauge transformations 
5ujq = dA§. Thus we must introduce a fermionic ghost uj 5 for this symmetry. 
The gauge symmetry is reducible for gauge parameters A 5 = rfA 4 . This 
necessitates the addition of a ghost-for-ghost bosonic field u^. Continuing this 
line of reasoning leads to a tower of descendent p-form ghosts uj p , associated to 
ujq, with < p < 6 and Grassmann parity (— Thus we have the collection 
$ = {u p \p = 0, 6} of fields+ghosts with associated BRST transformations 

Qujp = doj p -i , (D.l) 

such that Qujq = 0. The corresponding set of anti(fields+ghosts) are $* = 
{X7-p\p = 0, ...,6}, where Xt-p is a (7 — p)-form with Grassmann parity 
The master equation = 5S/5&* then fixes the form / $* A Q§ 
of the minimal contribution to the classical action from these fields. The 
minimal solution of the master equation therefore corresponds to the action 

5 

S = S + J2 X^p A duop , (D.2) 

from which one derives the BRST transformations 

Q X i = d*dcj 6 , Qx P = dxp-i (p = 2,...,6), (D.3) 
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for the antifields. The BRST transformation of Xi can be an arbitrary BRST- 
invariant function. These transformations are indeed nilpotent and generate 
a global symmetry of S. 

To fix all the residual gauge symmetries in a systematic way requires the 
introduction of quite an elaborate set of non-minimal fields. We will not need 
to get into the details of their BRST structure but let us just note that the 
appropriate gauge fermion here is 

6 „ 6 „ 6 „ 

k=l J k=2 J k=3 J 

+ Y J aw ~ k A d/3k ~ 4 + J P 1 A dt£j + ^2 A d ] e % + y Eq A g?(/3 • 



fc=4 



(D.4) 



The form degree and parity of all the non-minimal fields appearing here 
should be implicit. Imposing the gauge fermion constraint $* = S^ff /5<& and 
integrating out the Lagrange multiplier fields in the non-minimal terms in 
the action then leads to the following antifield constraints 



Xk 


= ciV+i (k = 1, ■ 


-,6), X7 


= 




= cftuk+i + d6 k -i 


= (k = 


0,..,5) 




= d7 fc _i + d)a k+l 


= {k = 
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„ * 
®k 


= d^Ok+i + d[3 k -i 


= {k = 


0,1,2,3) 


PI 


= doik-i + cftek+i 
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5,6,7) 


el 


= d^(3 k+ i + d(p k -i 
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0,1) 
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<p 7 


= de e = . 







(D.5) 

Solving these equations implies the non-minimal fields (ipo, Eqj, Po,i,2, «4,5,6,7? #0,1,2,3,4) 
are harmonic, 72,3,4,5,6,7 are closed and ^1,2,3,4,5,6 are coclosed. The latter con- 
dition corresponds to the expected gauge-fixing constraint for p-forms. 

Imposing these constraints in the non-minimal action solving the master 
equation leads us to the gauge-fixed action 



s = 2 



^ J lo% A*Aw 6 + ^ J 7 fc+ i A Acj 6 _ fc . (D.6) 
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One can also verify that the aforementioned constraints solve the equation 
J $* A $ = Ylt=i Xk^^7-k = 0, defining the graded Lagrangian submanifold 
in configuration space. 

Using the techniques of Schwarz that were reviewed in section 4, we are 
now ready to compute the partition function for the free 6-form. The resol- 
vent for the classical action So here has the associated differential complex 

— > A . . . -^U A 6 -^H A 6 — > , (D.7) 

where n = 6, Tj = A 6-2 , T; = <i 6 _j and the extension by K = d\d§ has 
been included (using the notation of section 4). With these identifications, 
Schwarz's formula (14.31) for the partition function reads 



(det d\d§ 



det (<i 5 )det (d 3 )det (di 



det (<i 4 )det (d 2 )det (d 



(D.8) 



The leading term can be written in a similar form to the other terms using 
the identities |detd 6 | = (det (d\) det (d 6 )) 1/2 = (det d\d G ) 1/2 . This allows 
us to identify Z 6 as the reciprocal of the Ray-Singer torsion I RS of the 7- 
manifold (see e.g. equation (2.21) in [11] for explicit identification). For our 
purposes it will be more convenient to write Z 6 in terms of determinants 
of Laplacian operators A = dd^ + d^d. This can be easily achieved using 
standard properties of determinants (see [UllTS]) to give 

(det A 5 ) (det A 3 ) 2 (det A 1 ) 3 1 

{U.J) 



' (det A 6 )V2 (det A 4 ) 3 / 2 (det A 2 ) 5 / 2 (det A ) 7 / 2 ' 

Superscripts A p denote the action of A on A p . It is perhaps worth concluding 
with a comment on why we might expect this somewhat novel result. Re- 
call that the Ray-Singer torsion is a topological invariant of a differentiable 
manifold in odd dimensions and can be understood as the analytic torsion 
of the de Rham complex of the manifold. We refer to the result as novel 
since Zq corresponds to the analytic torsion of the complex (ID .71) and not 
the de Rham complex (despite the fact they are identical up to the last term). 
Nonetheless, we may still have expected a topological invariant given that 
we are describing the special case of a free 6-form in 7 dimensions - which 
has no local on-shell degrees of freedom. Indeed this result generalizes to any 
classical action Sq = | J n dio n _\ A *du n _i describing a free {n — l)-form in n 
dimensions. 
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We end this appendix by noting a nice relation between the partition 
function for a free p-form gauge field uj and a free (n—p — 2)-form gauge field 
uj, in odd dimensions n = 2k + 1, involving the Ray-Singer torsion. Recall 
that such gauge fields describe equivalent local degrees of freedom in that the 
field equation d)G = and Bianchi identity dG = for uj (where G = du) 
can also be written as dG = 0, d^G = 0, in terms of G = *G = duj. Without 
loss of generality, we will now assume p = 2r + 1 (the dual field will then 
always have even degree in odd dimensions). The partition functions for uj 
and uj are 

Z^ = (detA 2r+1 )- 1/2 (detA 2r )(detA 2r ^ 1 )- 3/2 ...(det A°) r+1 (D.10) 
Z^ = (det A 2(fc-r) ~ 2 )~ 1/2 (det A 2(fc ~ r) ~ 3 )(det A 2(fc_r)_4 )~ 3/2 ...(det A°)~ (fe-r ~ 1) ~ 1/2 . 

Some algebra and use of Hodge duality det A p = det A n ~ p then implies that 
the ratio 

ZJZ* = ^(det A0 ( - 1)l((fc - t)+1/2) = (W~ 1)fc+1 • (D.ll) 

i=0 



E BV quantization of E 

Following the discussion of resolvents in section 4, we identify Tq = A2 7el in 
the action J Mo dEA* (| P 7 — l) dE for E in f)5.14p . For suitable normalization 
of E, the kinetic operator in this action is 



K = -d j Md 



9 

A 2 7 — P 2 ^dd^P2Y — — P 1 dd Jf P 2 7 



\ [A 4 X - dJPl] 



2 

(E.l) 

where M = |P| — P\ 4 . This kinetic operator is self-adjoint and indeed maps 
^27©i — > ^-27©i' which follows from the identity P^MdP^^ = using 
P\dd)P\ = Q. 

The classical action for E above is invariant under the gauge transforma- 
tion SE = P^eiG^, for any v e A 3 ^^ (the singlet part of v is projected out 
of the gauge transformation). Furthermore this gauge symmetry is reducible 
for v = P\ r ^ 7 de, for any 2-form e. The projection operators do not commute 
with the exterior derivative so this statement is not obvious, but follows by 
noting P2 7e7 cfe = dP\ 4 e + Plr^dPye and using that dP\dP\e G A 7 . The 
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remaining reducibilities are for e = d£, for any 1-form £, and £ = d'y, for any 
scalar 7. 

In the notation of section 4, we therefore have a resolvent with n = 4 
and T\ = P^©^, T 2 = P27®7^2, T 3 = di, T 4 = do (their adjoints being just 
— S F"l ) . The appropriate complex is 

— A° + A 1 -± A 2 ^ A 3 27e7 ^ A 27el A 27el — , (E.2) 

with the extension by K included. 

Using these identifications, the partition function (14.31) for J M dEA* (| P 7 — 
can be written 

Zf = (detK)- 1/2 |det (P 4 27el d 3 )||det (P^^d^r^det (di)Hdeft (do)]' 1 
= (det A^ 7ffil )- 1/2 (det A 3 7e7 )(det A 2 )- 3/2 (det A x ) 2 (det A°)- 5/2 

= (det A 27 ) 1/2 (det A 14 )^ 3/2 (det A 7 ) 3/2 (det Ax)" 3 = . (E.3) 

The second equality has been obtained using det (K+TxTl) = (det K) | det T x \ 2 
and similar descendent identities for the resolvent. The final equality uses 
the various G2 isomorphisms described in section 5.4. Thus we conclude that 
the partition function for E is also equal to the inverse Ray-Singer torsion. 

F Hamiltonian action on G2 string states 

In order to determine the action of Hamiltonian operators Hi and Hr on the 
spectrum of the G2 string, the two main examples to consider are states of the 
form A M {X)ij)% in 7©1 = 7 and B mn (X)^^r m 7©7 ^ 14© 7© 27© 1. 
Note that the latter state need have no definite (anti) symmetry properties 
since ipL and ipR hve in different sectors of the worldsheet theory. Following 
appendix B, the symmetric part 7 © s 7 is isomorphic to A 27el while the 
antisymmetric part 7© a 7 corresponds to a general 2-form in A| 4e7 . All other 
cases can be mapped into these two examples this using the isomorphisms 
between the various G2 irreps in the exterior algebra. 

We start with the 7 © 7 case, since the other example follows easily from 
this one. We know from [5] that the action of Ql on this state is given by 

Ql ■ B Ml Ni — > (P7) m^m^ 'm 3 Bm a N! , (F.l) 

20 Actually t\ — Pl7© 7 ( 4 but this is identical to d\ when acting on elements of A| 7ffil 
since P\<$P\ 7m = 0. 
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i.e. D acting only on the left indices. The state QlB is an element of 
A 7 ® A\. To define H L , we also need to understand the action of the ad- 
joint operator Q\. With respect to the standard inner product (uj,£) = 
J d 7 Xy/g g AlBl ...g A " Bn ujA 1 ...A„£,B 1 ...B n of rank n tensors, the adjoint of Ql 
acting on B is defined 

(Q,Q L B) = (Q{Q,B) , (F.2) 
for any Q G A| <g> A 7 . The left hand side of this equation is given by 

= (Qln,B), 

from which one reads off 1^1 

Ql '■ ^MiMaATj > 6 ^ M2 ^M 3 M a nA^7)m 1 M I 2 4 ■ ( F - 3 ) 

Thus we can now compute 

(QlQlB)miNi = 6 V M2 [(P7)^^f 6 VAf 5 i?A/ 6 Ar 1 ](P7) A ^f|^ 4 
— OV VM3-DM 4 iVilr'7JMiAf2 ' 

using (P|) 2 = P 7 . Now substituting the explicit form (P 7 ) 7 j Q = § (<^r<^ + § * 
of the projector we find 



(QlQ L B) MlNl = -V 2 B MlNl +V M *V Ml B M2Nl +V M >VM s BM 4Nl *(l>M™m 4 ■ 

(FA) 

Notice that the right-sector index of B has just gone along for the ride in the 
calculation above. 

To get Hl we still need to compute QlQ\B. It is easy to show that 

Ql '■ -^MiJVi — ► — V Mi Bmi_Ni , (F-5) 

and then 

(QlQ{B) MiNi = -V Ml V Ah B M2Nl . (F.6) 



21 The extra factor of 6 comes via the identity (\>mab$ N AB — which leads to the 

different normalizations of the A 7 % A 7 and A 7 ® A 7 inner products. 
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Putting these results together gives 



H L B MlNl = -V 2 B MlNl - [V Ml , V Ma ]B MaNl + [V Ma , V M3 }Bm 4Ni 

— V7 2 R f? tdM 2 N 2 , p N 2 p> M2M3M4 

= —V 2 B MlNl — 3RmiM 2 NiN 2 B M2 2 ) (F-7) 

where we have used 4> AMN Rmnpq = on a G 2 manifold (i.e. the curvature 
2-form must transform in the adjoint 14 of Gq). Consequently one finds that 
*4>mn B Rabpq = —2 Rmnpq whose trace implies Ricci-flatness Rmn = by 
virtue of the Bianchi identity Rm[npq\ = 0. Both these results have also 
been used above. 

Let us now decompose B^^Ni into symmetric and antisymmetric compo- 
nents and consider the action of Hi on each component. If we take Bm 1 n 1 
to be symmetric then (IF. 71) corresponds to the Lichnerowicz Laplacian act- 
ing on a metric deformation of the G2 manifold [51 [28]. We can map the 
symmetric tensor B to a 3-form to in A2 7el via the isomorphism 

uijk = 3 4>[ij A B K ]a > (F.8) 

described in appendix B. Thus, multiplying (IF.T[) with followed by appro- 
priate contraction and antisymmetrization, one obtains 

2 ^ AB 

Hl ^IJK = —V UJlJK — -jR [IJ^K]AB ■ (F.9) 

The expression above follows using the G2 curvature identity 4> a ^jRk]abc = 
(this again follows from both pairs of indices of the Riemann tensor being 
in the 14 irrep of G2). 

Recalling the Weitzenboch formula 

( AP< A — Y7 2 , , P P , A I PvP ~J0 p .AB 

(A uj) h ... Ip - -V u h . Jp - K A[h w j 2 .../„]-- (p_ 2 )! [7lJa h - Ip] 

(F.10) 

for p-forms we see that, under the map from symmetric tensors to 3-forms, 
Hl maps to the ordinary 3-form Laplacian A 3 = dd) + d)d on a G2 manifold. 

On the other hand, if B is antisymmetric then one can easily check that 
( IF. 71) just reduces to the Weitzenboch formula for 2-forms. Putting this 
together we have shown that Hl = Hr = A 2 + A2 7el on states in the 
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7 <8> 7 representation. It will be convenient to sometimes refer to this as 
A 707 = A 2 14 + A 2 7 + A\ 7 + A\. 

We now wish to determine the action of Hi + Er on states of the form 
Am(X)^ in 7(g) 1. Repeating the calculation above for this simpler case we 
find 

{Q L ,Q[}A M = - l -^A M -K<p^ BC R ABCD A D ^ = - l -W 2 A M 
{Qr,Q r }A m = -V 2 A M , (F.ll) 

using again Ricci-flatness Rmn = and the Bianchi identity Rm[npq] = 0. 
Thus Hl = Hr = A 1 = A 7 , up to normalization. 
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